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A dynamical equation is derived for the spike emission rate  (t) of a homogeneous network of integrateand-fire 共IF兲 neurons in a mean-field theoretical framework, where the activity of the single cell depends both
on the mean afferent current 共the ‘‘field’’兲 and on its fluctuations. Finite-size effects are taken into account, by
a stochastic extension of the dynamical equation for the  ; their effect on the collective activity is studied in
detail. Conditions for the local stability of the collective activity are shown to be naturally and simply expressed in terms of 共the slope of兲 the single neuron, static, current-to-rate transfer function. In the framework
of the local analysis, we studied the spectral properties of the time-dependent collective activity of the finite
network in an asynchronous state; finite-size fluctuations act as an ongoing self-stimulation, which probes the
spectral structure of the system on a wide frequency range. The power spectrum of  exhibits modes ranging
from very high frequency 共depending on spike transmission delays兲, which are responsible for instability, to
oscillations at a few Hz, direct expression of the diffusion process describing the population dynamics. The
latter ‘‘diffusion’’ slow modes do not contribute to the stability conditions. Their characteristic times govern the
transient response of the network; these reaction times also exhibit a simple dependence on the slope of the
neuron transfer function. We speculate on the possible relevance of our results for the change in the characteristic response time of a neural population during the learning process which shapes the synaptic couplings,
thereby affecting the slope of the transfer function. There is remarkable agreement of the theoretical predictions
with simulations of a network of IF neurons with a constant leakage term for the membrane potential.
DOI: 10.1103/PhysRevE.66.051917

PACS number共s兲: 87.10.⫹e, 05.90.⫹m, 05.40.⫺a, 87.19.La

I. INTRODUCTION

The mean-field approach to the analysis of recurrent networks of spiking neurons dates back to the early 1970s; to
put our work in perspective, we list a few relevant milestones
in this successful history, relevant to the subject of the
present paper 关1兴: One early, seminal work was devoted to
the characterization of the frequency response of a homogeneous population of noninteracting integrate-and-fire 共IF兲
neurons in stationary conditions 关2兴. In Ref. 关3兴, a wider
repertoire of dynamical behaviors emerges from an ad hoc
dynamics introduced for the collective activity of interacting
populations of neurons. Building on a well-established
knowledge of the stochastic dynamics of a single noisedriven IF neuron, the authors of Ref. 关4兴 could formulate a
static mean-field approach taking into account the fluctuation
in the external afferent currents in a network context, thus
opening the way to the theoretical description of low activity
states of interacting IF neurons with high interspike variability. In a tour de force the author of Ref. 关5兴 made an extensive analysis of the mean-field dynamics of populations of
interacting IF neurons, incorporating dynamical synaptic currents and adaptation effects 共via voltage-independent potassium currents兲; fluctuations in the afferent currents were not
taken into account in Ref. 关5兴. A complementary analysis was
performed in Ref. 关6兴, not including adaptation effects, in
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which the local stability conditions were derived for a homogeneous population of IF neurons, also incorporating the effects of a noisy afferent current 共independent of the network
activity兲 through a Fokker-Planck formulation. Using an alternative neuron model 共the ‘‘spike-response’’ neuron兲, another approach was built in Ref. 关7兴 to the mean-field dynamics, via the construction of suitable kernels propagating in
time the collective activity of a neural population. The theory
could accommodate dynamical synaptic currents. The effect
of an absolute and/or relative refractory period, fluctuating
emission threshold, and a complex dynamical scenario, including asynchronous states and phase locking, was characterized. The mean-field approach was further enriched in
Ref. 关8兴, taking into account the fluctuations in the afferent
currents self-consistently determined by the network recurrent activity, including excitatory and inhibitory interacting
populations and the effects of a Hebbian synaptic structure. A
way to incorporate the finite size of the network as a correction to the mean-field formulation was explored in Ref. 关9兴; a
‘‘phase diagram’’ was derived in this work for an inhibitory
network, and the line of bifurcation from stable asynchronous states to high-frequency oscillatory states was calculated by means of a perturbative treatment of a FokkerPlanck formulation. A spectral analysis was performed in
Ref. 关10兴 of the collective activity of a single population of
共excitatory or inhibitory兲 neurons of the ‘‘spike-response’’
type, taking into account the finite size of the network in a
way similar to Ref. 关9兴, but without considering noisy currents.
With somewhat different motivations, an approach was
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proposed in Ref. 关11兴 to the numerical solution of the above
Fokker-Planck formulation of the network dynamics, which
involves expanding the Fokker-Planck operator onto a timedependent basis.
Motivated by a dynamical description of the mean-field
theory, we use a similar formalism which, complemented by
the appropriate ‘‘self-consistency’’ ingredients, allows us to
formulate in closed form dynamical equations for the fraction of neurons spiking per unit time  (t) 共the ‘‘collective
activity’’ or ‘‘emission rate’’ of the neural population in the
following兲 in the presence of noise.
With this approach, we could reproduce in a unified frame
several key results of the works quoted above, but new qualitative and quantitative features also emerge. 共i兲 From an approximate solution of the dynamical equations for  , a peculiar role emerges for the single neuron response properties;
this, in our view, is a step forward in the long-standing problem of relating single neuron properties to the collective activity of interacting assemblies of neurons 关2,5,6,8,7兴. 共ii兲
Taking in due consideration the fact that neurons only communicate with each other via spikes led us to reformulate the
way in which finite-size noise enters the Fokker-Planck description of the collective dynamics; this generates additional
features in the spectral content of the collective activity, with
respect to those already observed in Refs. 关10,9兴. 共iii兲 Our
formalism encompasses in a natural way the description of
neural populations operating in a noise-dominated 共subthreshold兲 regime, recognized to be relevant for the description of neural activity characterized by low emission rates
and high variability in the interspike intervals 关8,12,13兴. We
show that a characteristic low-frequency behavior of the
population frequency response, and a peculiar hierarchy of
characteristic times of the population transient response,
emerge. 共iv兲 With a focus on the asynchronous collective
states 共which are widely recognized as representative of typical cortical conditions兲, it turns out that the response times of
the neural population to sharp variations in the input, besides
being strongly affected by noise, are remarkably sensitive to
the intensity of the average synaptic couplings. This foreshadows a link between the latency of the response to a
stimulus and a ‘‘learning’’ process having taken place in the
network. The asynchronous states provide a natural, fast vehicle to propagate the information flow, as previously suggested in various contexts 关2,5,14,15兴 共see also 关16兴 for an
experimental estimate of the speed of processing in the visual cortex兲.
In the first part of the paper, after briefly reviewing the
‘‘population density approach,’’ we illustrate the general formalism that allows us to write a dynamical equation for the
collective activity of a population of generic IF neurons. A
linearized analysis follows, which allows us to study the local stability for the asynchronous states and the characteristic
times of the transient network response. We then turn to the
analysis of the finite-size effects and the power spectral density of the network activity. In the second part we turn to a
specific example application of the general theory, studying
the mean-field dynamics of a network of IF neurons with
constant leakage term 共the ‘‘linear’’ neuron studied in Ref.
关12兴兲, and a detailed comparison is performed between the

theoretical predictions and numerical simulations.
II. A GENERAL APPROACH
A. Single neuron equation

A generic integrate-and-fire 共IF兲 neuron can be fully described by the following dynamics of its membrane potential
V(t) 共depolarization兲:
V̇⫽ f 共 V 兲 ⫹I 共 V,t 兲 /C,

共2.1兲

where f (V) is the deterministic drift towards a resting potential 关 f (V)⫽⫺V/  , leaky IF neuron; f (V)⫽⫺ ␤ , constant
leakage, linear IF neuron 共LIF兲 关12兴兴, C is an effective cell
membrane capacitance, and I(V,t) is the ionic current due to
incoming spikes from the presynaptic neurons through the
dendritic contacts, and can be adequately modeled, for a realistic number of presynaptic afferents 共connectivity兲, as a
superposition of stochastic, independent point processes.
When V(t) crosses a threshold  , the neuron emits an action
potential 共the spike兲 with an infinitesimal time duration, and
the depolarization is instantaneously reset to a value H.
Under reasonable assumptions, including the diffusion approximation, the limit of a large number of afferents, and the
independence between the activities of the presynaptic cells
共see the detailed discussion in Ref. 关17兴兲, the afferent current
I(V,t) is well described by a 共possibly nonstationary兲
Wiener process and the dynamics of the neuron’s membrane
potential is governed by the following nonlinear Langevin
equation:
V̇⫽h 共 V,t 兲 ⫹  共 V,t 兲 ⌫ 共 t 兲 ,

共2.2兲

where h(V,t) is the total deterministic drift 关sum of f (V)
 (V,t)
and
the
average
afferent
current
the
⫽ 具 I(V,t)/C 典 ];  (V,t)⫽ 冑具 关 I(V,t)/C⫺  (V,t) 兴 2 典 ,
size of current fluctuation, i.e., the variance of the afferent
current. ⌫(t) is a ␦ -correlated 共white兲 noise with zero mean
and unitary variance. 具 典 above denotes averaging with respect to the probability distribution of the process at time t.
The emission of a spike and the limits on the accessible
values for the depolarization can be taken into account by
suitable boundary conditions for the stochastic differential
equation 共2.2兲, as we discuss later in more details.
B. The dynamics of a single neural population

For a large homogeneous network of N interacting IF neurons, the mean-field approximation 关8兴 assumes the same statistical properties  and  2 for the afferent currents to the N
cells. The N depolarizations V are considered as N independent realizations of the stochastic process 共2.2兲, whose properties are described by a 共time-dependent兲 probability density
function 共p.d.f.兲 p( v ,t) 关18兴. The above independence assumption 共to be checked a posteriori兲 allows us to use the
percentage of neurons having V(t)苸 关v , v ⫹d v兴 as an estimate of p( v ,t)d v . The evolution of p( v ,t) is described by
the following Fokker-Planck equation:
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where L is the differential Fokker-Planck operator, which
takes the general form
L 共 v ,t 兲 ⫽⫺  v A 共 v ,t 兲 ⫹  2v B 共 v ,t 兲 .

共2.4兲

The A( v ,t) term is the drift coefficient and B( v ,t) is the
diffusion coefficient of the stochastic process V(t). Equation
共2.3兲, with its boundary conditions, fully describes the population dynamics. The A and B coefficients can be derived
from Eq. 共2.2兲 and are
A 共 v ,t 兲 ⫽ f 共 v 兲 ⫹  共 v ,t 兲 ⫽h 共 v ,t 兲 ,
B 共 v ,t 兲 ⫽ 12  2 共 v ,t 兲
共see Refs. 关19,20兴兲.
Equation 共2.3兲 can be regarded as a continuity equation

In the mean-field approach, the infinitesimal moments of
the afferent current are expressed as functions of  (t) 关8,12兴,
now interpreted as the emission rate of presynaptic neurons,

 共 v ,t 兲 ⫽  关v ,  共 t 兲兴 ,
 2 共 v ,t 兲 ⫽  2 关v ,  共 t 兲兴 .
Closing this loop makes the Fokker-Planck equation 共2.3兲
nonlinear, because the infinitesimal moments depend on the
emission rate  (t) and therefore on the system state, so that
L⫽L(p).
We also mention that a population density approach is
viable also when the diffusion approximation is not valid
共see 关21兴兲.

 t p 共 v ,t 兲 ⫽⫺  v S p 共 v ,t 兲 ,

C. Eigenfunction analysis

where S p ( v ,t) is the net flux of realizations 共or ‘‘probability
current’’兲 crossing the level v at time t. Its explicit form is

The Fokker-Planck operator 共2.4兲 has a set of eigenfunctions and associated eigenvalues,
L 兩  n 典 ⫽ n 共 t 兲 兩  n 典 .

S p 共 v ,t 兲 ⫽ 关 A 共 v ,t 兲 ⫺  v B 共 v ,t 兲兴 p 共 v ,t 兲 .
The depolarization is assumed to vary between v min and  ,
including the possibility that v min→⫺⬁.
In particular, the fraction of realizations per unit time
crossing the threshold  , i.e., the average neuron emission
rate  (t) in the population, is given by the flux

Defining the inner product

具兩典⫽

p 共  ,t 兲 ⫽0,

共2.5兲

 共 t 兲 ⫽⫺B 共 v ,t 兲  v p 共 v ,t 兲 兩 v ⫽  ⫽⫺ 21  2 共 v ,t 兲  v p 共 v ,t 兲 兩 v ⫽  .
共2.6兲
An equivalent, operational definition of the population rate
for a finite number N of neurons is
N共 t,t⫹⌬t 兲
,
N⌬t
⌬t→0

 共 t 兲 ⫽ lim

共2.10兲

has eigenfunctions 兩  m 典 and eigenvalues ˜ m that are in general different from those of L, because L is not Hermitian. In
the above expressions, the time dependence is implicitly due
to the time dependence of  and  2 . The boundary conditions for  and the expression for L ⫹ can be derived from
the boundary conditions for the  关19,11兴.
Assuming  n is a complete set of eigenfunctions, the
boundary conditions 共2.5兲, 共2.7兲, and 共2.8兲 must be satisfied
by each  n ( v ,t).
The following conditions on the eigenfunctions  n of L ⫹
result:

 n 共  ,t 兲 S  n 共  ,t 兲 ⫽  n 共 H,t 兲 S  n 共  ,t⫺  0 兲 ,

where N(t,t⫹⌬t) is the total number of spikes emitted by
the population in the time interval (t,t⫹⌬t).
Realizations crossing the threshold restart their random
walk from v ⫽H, after a refractory period of inactivity  0 ,
and this implies the following conservation of the net flux
S p ( v ,t):
共2.7兲

where S p (H ⫾ ,t)⫽limv →H ⫾ S p ( v ,t).
A reflecting barrier prevents V from going below v min ,
and this implies a vanishing probability current through
v min ,
S p 共 v min ,t 兲 ⫽0.

共 v ,t 兲  共 v ,t 兲 d v ,

具 兩L  典 ⫽ 具 L ⫹兩 典 ,

and the emission rate becomes

S p 共  ,t⫺  0 兲 ⫽S p 共 H ⫹ ,t 兲 ⫺S p 共 H ⫺ ,t 兲 ,

冕

the adjoint operator L ⫹ ,

 共 t 兲 ⬅S p 共  ,t 兲 .

 acts as an absorbing barrier, such that

共2.9兲

共2.8兲

 v  n 共 v min ,t 兲 ⫽0,
 v  n 共 H ⫹ ,t 兲 ⫽  v  n 共 H ⫺ ,t 兲 ,
assuming  n and  n to be continuous functions in the interval ( v min ,).
The adjoint operator is then given by
L ⫹ 共 v ,t 兲 ⫽A 共 v ,t 兲  v ⫹B 共 v ,t 兲  2v
⫽ 关 f 共 v 兲 ⫹  共 v ,t 兲兴  v ⫹ 21  2 共 v ,t 兲  2v ,

共2.11兲

which is the evolution operator for the backward Kolmogorov equation, completely equivalent to Eq. 共2.3兲.
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Equation 共2.10兲 implies that eigenfunctions with different
eigenvalues are orthogonal; for the completeness assumption
of the eigenfunctions of the Fokker-Planck operator,
I⫽

兺n 兩  n 典具  n兩 ,

共2.12兲

˜ m ), and
both L and L ⫹ have the same eigenvalues ( m ⫽
with an appropriate normalization the two sets of eigenfunctions are biorthonormal,

具  n 兩  m 典 ⫽ ␦ nm .

共2.13兲

For simplicity, we will neglect the refractory period  0 in
the following, considering  0 ⫽0 as a good approximation
for not too high spike emission rates (  Ⰶ1/  0 ⯝500 Hz).
1. Some remarks on eigenvalues and eigenfunctions

We list below some general properties of the eigenvalues
and eigenfunctions of L which will be instrumental in the
following; we will sometimes use the case of noninteracting
neurons as an easy reference situation for illustrative purposes, although the statements in this subsection apply to the
general, interacting case.
 0 ⫽0 is always an eigenvalue of L, and the corresponding eigenfunction  0 is the stationary solution of the population dynamics:  t  0 ⫽0.
The eigenvalues are in general complex, with Re  n
⭐0, ᭙ n⫽
” 0, 关22兴; the latter condition can be inferred from
the fact that, for an ensemble of noninteracting neurons, the
solution of the Fokker-Planck equation is directly related to
the eigenvalues of L, and is expected to converge to  0 ,
instead of exploding, which would be the case for positive
eigenvalues 共see also Sec. II D 1兲.
If  n is an eigenvalue, also  n* is an eigenvalue, with
eigenfunction 兩  n* 典 ( 具  n* 兩 ), because L(L ⫹ ) is real. We set
 ⫺n ⫽ *
n and consequently 兩  ⫺n 典 ⫽ 兩  n* 典 , so that the sums
over the spectrum of the Fokker-Planck operator range over
all the integer numbers. Obviously if  n 苸R, the enumeration along the negative values of n is redundant, and we will
see later how this is handled in a specific example.
From the form of L ⫹ , and the boundary condition
 v  n ( v min ,t)⫽0, it can be seen that the eigenfunction  0
must always satisfy the condition  v  0 ⫽0, so  0 is a constant. Because 具  0 兩  0 典 ⫽1 and  0 ( v ) is a p.d.f., so that

冕



v min

 0 共 v 兲 d v ⫽1,

we have  0 ⫽1. Finally, using Eq. 共2.13兲,

具  0兩  n典 ⫽

冕



v min

 n 共 v 兲 d v ⫽0, ᭙n⫽
” 0.

When the mean driving force alone is not enough to make
V cross the threshold  关 A(  ,t)⭐0 兴 , so that a positive diffusion term is necessary to have the emission of a spike, the
neurons are evolving in a noise-dominated, subthreshold regime, whereas when A(  ,t)⬎0, the emission of an action
potential can occur also in the absence of noisy afferent currents, and the neurons are in a drift-dominated, suprathreshold regime of activity 关8,23,12,9,13兴. The activity regime
characterizes the statistical properties of the single neuron
spike train: irregular firing 共high coefficient of variation 关24兴兲
corresponds to a noise-dominated regime, while regular
spike trains are related to a drift-dominated regime. Such a
spread in the coefficient of variation of interspike intervals of
the single neuron does not spoil the hypothesis of the theory,
as long as the independence of the firing of different neurons
holds 关12,13兴, which is reasonable in biologically plausible
conditions 关25兴.
We conjecture that the eigenvalues of L are real for noisedominated regimes and complex conjugates for drift dominated regimes. For an ensemble of noninteracting neurons,
whose dynamics is directly driven by the eigenvalues of L,
this implies that for drift-dominated regimes the neural noninteracting population can undergo transient oscillations 共on
the way to the stationary state兲, while this would be forbidden for noise-dominated regimes.
The above statements have been confirmed by explicit
calculation in the case of constant A and B 共Wiener process
with drift, ‘‘linear IF neuron’’兲, to be discussed in Sec. III.
As an aid to intuition, one can think of a p( v ,t) which is
initially very sharply concentrated; if the dynamics of p is
essentially governed by the drift A, its motion along the allowed domain 关v min ,  兴 is close to a translation, with a minor
spreading effect due to diffusion. The probability flux across
 is zero until the upper tail of p reaches  , increases as the
bulk of the distribution goes through  , and vanishes again.
From then on, p restarts traveling from v min to  , while
maintaining slow spreading, and the emission rate undergoes
increasingly damped oscillations, until the stationary state is
reached. As a toy example of an alternative case, one can
imagine a pure diffusion 共zero drift兲 process, starting from
the same initial condition, which even in the case of a
v -dependent B makes p spread more and more, without igniting oscillations.
Although the above examples are special and simple, it
seems reasonable to assume that 共transient兲 oscillations are
possible only when some ‘‘memory’’ is present in the motion
of p, and this can only be associated with the drift term.
As we show later, the eigenvalues of L are not simply
related to the characteristic times of the system in the presence of a recurrent interaction, and the network activity can
be oscillatory also in the noise-dominated regime.

共2.14兲

From this result we can argue that only the stationary mode
 0 contributes to the normalization condition for p( v ,t) 共see
also 关22兴兲. As we will see later, this is a useful feature of the
eigenfunction expansion 关11兴.

D. The emission rate equation

Thanks to the completeness relation 共2.12兲, p( v ,t) can be
expressed as
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where a n ⫽ 具  n 兩 p 典 are the time-dependent coefficients of the
modal expansion. Since p is real, a *
n ⫽a ⫺n .
The dynamics of the a n can be determined directly from
the Fokker-Planck equation 共2.3兲 共see, for instance, Ref.
关11兴兲,
ȧ n ⫽ 具  n 兩  t p 典 ⫹ 具  t  n 兩 p 典 ⫽ 具  n 兩 L p 典 ⫹
⫽ 具 L ⫹  n 兩 p 典 ⫹ ˙

which binds the single neuron properties to the population
dynamics.
The 共nonlinear兲 emission rate equation system can be
written in matrix form as
aជ̇ ⫽ 共 ⌳⫹C˙ 兲 aជ ⫹cជ ˙ ,

兺m a m 具 ˙    n兩  m 典

 ⫽⌽⫹ ជf •aជ ,

兺m a m 具    n兩  m 典

where aជ is the vector of the modal expansion coefficients
with n⫽
” 0; the elements of ជf are the flux over the absorbing
barrier for nonstationary modes 关27兴,

and then

f n ⫽⫺ 21  v  2 共 v ,t 兲  n 共 v ,t 兲 兩 v ⫽  ,
ȧ n ⫽ n a n ⫹ ˙

兺m a m 具    n兩  m 典 .

共2.16兲

Here we have used the fact that the only time dependence of
 is implicitly due to the moments of the current,  and  2 ,
which are in turn functions of the rate  (t) 共in other words,
external input is assumed to be stationary兲. If several populations are present,  t  will have contributions from the
emission rates of the different populations 共see Sec. II G兲,
including external neurons, and 具    n 兩  m 典 should be regarded as a population coupling term; it vanishes if  does
not enter the afferent current and does not affect the dynamics of the depolarizations.
The infinite set of nonlinear differential equation 共2.16兲
does not contain all the information on the dynamics of the
system. What is missing is the answer to the following question: Which is the emission rate  , given p( v ,t)? To ‘‘close
the loop’’ and generate closed equations for the a 共or the  ,
which is the natural observable for the collective state of the
neural population兲 one needs a relation connecting p( v ) to
 .  is the flux across the absorbing barrier which, from Eqs.
共2.6兲 and 共2.15兲, is

 ⫽⫺ 12

兺n a n  2共 v ,t 兲  v  n共 v ,t 兲 兩 v ⫽  .

共2.18兲

共2.17兲

Equations 共2.16兲 and 共2.17兲 describe completely the dynamics of the neural population, using as the only observable
describing the system the probability current across the
threshold: the instantaneous emission rate  . This is an effective way to reduce the dimensionality of the problem because, as we will see later, a finite 共and small兲 number of as
is often enough for an adequate description of the time evolution of  关26兴.
The following remarks provide a simplification. Because
only the stationary mode contributes to the normalization
condition of p( v ,t), it follows that a 0 ⫽1 at all times. Since
 0 ⫽1, the coupling term 具    0 兩  m 典 ⫽0. Furthermore, the
flux due to the stationary mode  0 is the current-to-rate
transduction function ⌽(  ,  2 ) of the single neuron in stationary conditions 关12兴,
⌽ 共  兲 ⫽⌽„ 共 v ,  兲 ,  2 共 v ,  兲 …⫽⫺ 21  v  2 共 v ,t 兲  0 共 v ,t 兲 兩 v ⫽  ,

᭙n⫽
” 0,

共2.19兲

the elements of cជ are the coupling terms between the nth
mode and the stationary one,
c n⫽ 具   n兩  0典 ,

᭙n⫽
” 0,

while C is the matrix of the coupling terms between the
nonstationary modes
C nm ⫽ 具    n 兩  m 典 ,

᭙n,m⫽
” 0.

⌳ is a diagonal matrix whose elements are the eigenvalues of
L,
⌳ nm ⫽ n ␦ nm ,

᭙n,m⫽
” 0.

Under the hypotheses which define the mean-field approximation, Eq. 共2.18兲 describes the collective behavior of a
pool of neurons in terms of the fraction of emitting neurons
per unit time,  (t), thus providing a dynamical formulation
of the mean-field treatment, equally valid in stationary or
transient regimes 关28兴.
A nonstationary  (t) embodies the changes in time of the
average statistical properties of the neurons’ afferent current,
and can correlate the activities of two given neurons; this
should be regarded as a ‘‘trivial’’ correlation due to the input
part of the current that neurons have in common 共selfconsistently taken into account in the above mean-field treatment兲. This does not imply a breakdown of the independence
hypothesis which is at the heart of the formalism. The collective activity is still adequately described by a renewal,
nonstationary Poisson process completely determined by  :
Neurons are independent, conditionally to the average emission rate.
We also remark that  and  2 in the network are no
longer independent parameters, but are linked through  ,
such that the latter becomes a complete description of the
network dynamics in the mean-field approximation.
1. Noninteracting neurons

A very simple case is that of a population of noninteracting neurons. Since  and  2 do not depend on  ,    n
⫽0 and the coupling terms vanish (C⫽0 and cជ ⫽0). The
emission rate equation 共2.18兲 has now an explicit solution,
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 共 t 兲 ⫽⌽„ 共 t 兲 ,  2 共 t 兲 …⫹ ជf 共 t 兲 •e 兰 0⌳(t ⬘ )dt ⬘ aជ 共 0 兲 .
t

As the afferent current is stationary, the eigenvalues, the flux
vector, and the transfer function are constants and the emission rate is

 共 t 兲 ⫽⌽ 共  ,  2 兲 ⫹

兺n

f na n共 0 兲 e nt

共2.20兲

so that the spectrum of L determines directly the characteristic times of the population dynamics 共the same result for
the uncoupled network is reported in 关22兴兲. Consistently with
previous remarks, as t→⬁,  →⌽(  ,  2 ), coherently with
a negative real part of the eigenvalues.
For Re  n ⬍0, after a time greater then 1/minn兩Re  n 兩 ,
initial conditions and transients are forgotten, and the stationary population activity is the same as the mean-field rate
emission ⌽(  ,  2 ) of the single neurons.
When the interaction is turned on, the ‘‘population characteristic times’’ are obviously a complex mixture of single
neuron properties and the properties of the collective activity.
2. Synaptic delays

If we consider a constant delay time ␦ in the transmission
of spikes, the rate equation is modified because all the terms
including the parameters of the input currents 关  ( v ,t) and
 2 ( v ,t), implicit functions of  ] are to be calculated at time
t⫺ ␦ ,

the characteristic times of transient departures from them. To
start, we set aជ ⫽aជ 1 ⫹ 2 aជ 2 ⫹••• and  ⫽  0 ⫹  1 ⫹ 2  2 ⫹
•••, where  0 is the solution of the self-consistency equation
共2.22兲 and  is the size of the perturbation from the fixed
point. Any function F of  can be expanded as a Taylor’s
series, which to second order gives
F 共  兲 ⫽F 共  0 兲 ⫹F ⬘ 共  0 兲  1 ⫹ 2 关 F ⬘ 共  0 兲  2 ⫹ 21 F ⬙ 共  0 兲  21 兴
⫹•••,
where F ⬘ ⫽   F.
Inserting the above expansion in the rate equation, and
comparing the terms of the same order, the dynamics of the
first-order perturbation is
aជ̇ 1 共 t 兲 ⫽⌳共  0 兲 aជ 1 共 t 兲 ⫹cជ 共  0 兲 ˙ 1 共 t⫺ ␦ 兲 ,

 1 共 t 兲 ⫽⌽ ⬘ 共  0 兲  1 共 t⫺ ␦ 兲 ⫹ ជf 共  0 兲 •aជ 1 共 t 兲 .
This system of ordinary differential equations with constant
coefficients can be solved using the Laplace transform. The
resulting transformed emission rate  1 (s) is

 1共 s 兲 ⫽

1
兵 ជf • 共 sI⫺⌳兲 ⫺1
s␦
⫺1 ជ
ជ
共 e ⫺⌽ ⬘ 兲 ⫺ f • 共 sI⫺⌳兲 c s
⫻ 关 aជ 1 共 0 兲 e s ␦ ⫹cជ  1 共 0 兲兴 ⫺ 共 e s ␦ ⫺1 兲 ⌽ ⬘  1 共 0 兲 /s 其 ,
共2.23兲

aជ̇ 共 t 兲 ⫽ 关 ⌳共 t⫺ ␦ 兲 ⫹C共 t⫺ ␦ 兲 ˙ 共 t⫺ ␦ 兲兴 aជ 共 t 兲
⫹cជ 共 t⫺ ␦ 兲 ˙ 共 t⫺ ␦ 兲 ,

共2.21兲

 共 t 兲 ⫽⌽ 共 t⫺ ␦ 兲 ⫹ ជf 共 t⫺ ␦ 兲 •aជ 共 t 兲 .
We can in principle generalize to the case in which delays
are drawn randomly and independently at each site from a
distribution  ( ␦ ). We should then take ␦ into account in the
causal agent, the average number of afferent spikes per unit
time (  ), substituting every occurrence of  (t⫺ ␦ ) with
兰  (t⫺ ␦ )  ( ␦ )d ␦ 关9兴.
E. Local analysis

The fixed points of the autonomous system 共2.21兲 are
given by aជ̇ ⫽0 and ˙ ⫽0,

where (sI⫺⌳) ⫺1 is a diagonal matrix with elements 1/(s
⫺ n ) and all the functions of  are evaluated at  ⫽  0 . In
performing the Laplace transform of  1 and aជ , we assumed
aជ 1 (t)⫽aជ 1 (0) and  1 (t)⫽  1 (0) for any t⬍0.
The stability conditions and the characteristic times of the
transient dynamics are in principle derived by standard methods, by calculating the poles of  1 (s). To characterize the
poles, we resort to approximations; we will see in the following two subsections how two kinds of small-coupling
approximation allow us to characterize two sets of poles of
 1 (s), which expose very different dynamical features.
We notice that, in order to find the whole set of poles of
 1 (s), only the zeros of (e s ␦ ⫺⌽ ⬘ )⫺ ជf •(sI⫺⌳) ⫺1 cជ s are
needed: the other two possibly contributing terms which appear in the curly brackets do not actually contribute 关29兴.

aជ ⫽0,

 ⫽⌽ 共  兲 .

1. Stability

共2.22兲

This is the self-consistency equation introduced in Ref. 关4兴,
and used in the context of a mean-field treatment in Ref. 关8兴
to study the steady states of a network of IF neurons. As
expected, the condition aជ ⫽0 implies that the p.d.f. of the
depolarization at the fixed point is the stationary mode
关 p( v )⫽  0 ( v ) 兴 .
With a time-dependent perturbation approach we can
study the local stability of the fixed points, their nature, and

The asynchronous state  (t)⫽  0 is stable if all the poles
s n of  1 (s) have a negative real part. To evaluate the stability
conditions, we first look for poles on the imaginary axes,
which 共if they exist兲 separate the region of stability from that
of instability. The poles s n ⫽x n ⫹iy n of  1 (s) solve the equations
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where
R(s)⫽Re关 ជf •(sI⫺⌳) ⫺1 cជ s 兴 ,
I(s)⫽Im关 ជf •(sI
⫺1 ជ
⫺⌳) c s 兴 , and s⫽x⫹iy. Due to the presence of the cជ
terms, R(s) and I(s) are expressions of the recurrent coupling and vanish for uncoupled neurons.
The solutions are quite different depending on the excitatory or inhibitory nature of the neurons. For a population of
excitatory neurons, ⌽ is a monotonically increasing function
of  , ⌽ ⬘ (  )⬎0. In the case ⌽ ⬘ (  0 )⫽1, it is easy to see
that s⫽0 is a real pole of  1 (s). This exact condition determines a transition from stable to unstable steady states for
the system, because when
⌽ ⬘ 共  0 兲 ⬎1,
the real pole becomes positive and  0 is an unstable state
关30兴. We can see this by taking as an approximation of this
real pole the solution of e s ␦ ⫺⌽ ⬘ ⫽0,
1
s 0 ⫽ ln ⌽ ⬘ 共  0 兲 ,

共2.25兲

␦

which is indeed a good approximation if the real pole is close
to zero 关 兩 s 兩 Ⰶmin兩Re( n / f n c n ) 兩 兴 .
To characterize one set of solutions of Eqs. 共2.24兲, we
assume that for sufficiently small coupling the terms R(s)
and I(s) are negligible compared to ⌽ ⬘ , at least in the neighborhood of a point s (0)
n which is a solution of
e x ␦ cos共 y ␦ 兲 ⫽⌽ ⬘ ,

共2.26兲

e x ␦ sin共 y ␦ 兲 ⫽0,
and is given by s (0)
n ⫽(ln ⌽⬘⫹i2n)/␦ for excitatory neurons
and s (0)
⫽
ln
兩
⌽
兩
⫹i(2n⫺1)兴/␦ for inhibitory neurons (n
关
⬘
n
runs over the integers兲.
Under the above assumption, to be checked a posteriori,
we can perturbatively expand around s (0)
共with respect to
n
兩 R⫹iI 兩 ) to find a succession of solutions of Eqs. 共2.24兲,
s n ⫽s (0)
n ⫹

ជf • 共 sI⫺⌳兲 ⫺1 cជ s 兩 s⫽s (0)
n

⌽ ⬘␦

.

Such poles cross the imaginary axis and destabilize the asynchronous state when Re s n ⫽0. This happens when
⌽ ⬘ ⯝1⫺R 共 i2  n/ ␦ 兲
for excitatory neurons, and when
⌽ ⬘ ⯝⫺1⫺R 关 i 共 2n⫺1 兲  / ␦ 兴 .
for inhibitory neurons 共the stability condition in this case is
approximately given by ⌽ ⬘ ⬎⫺1).
In the cases examined in the following, it turns out that
the poles s n move towards the imaginary axis for increasing
兩 ⌽ ⬘ 兩 , and for excitatory neurons the pole on the real axis is
the first to reach the imaginary axis.
For drift-dominated regimes, the above results hold provided that s n is far from  n , because otherwise R(s) and
I(s) are no longer negligible; since Im  n ⬃  0 关6,22兴 and

Im s n ⬃1/␦ , the above condition is certainly satisfied if ␦
Ⰶ1/ 0 , which is the case in the typical frequency range.
A noteworthy implication of the above stability analysis is
that a single neuron feature, the slope of the current-to-rate
transduction function ⌽, determines in general the stability
of the fixed point  0 for a population of neurons. It is also
worth noting that ⌽ ⬘ depends on the synaptic coupling
strengths, via  and  2 , and the average properties of the
recurrent interaction among neurons emerge as the primary
features governing the network stability.
We also remark that the above stability condition, being
derived in the framework of the linear analysis, depends on
the dynamics 共2.1兲 of the single neuron membrane potential
v only through  共via  and  2 ). Indeed, in the linear approximation we can write the evolution equation for  in
such a way that the a no longer appear. It is tempting to
speculate that, even in the nonlinear case of Eq. 共2.18兲, since
the time evolution of p( v ,t) is ultimately determined by 
through  and  2 , the dynamics of the probability current 
is in fact a complete description of the dynamics of p( v ,t)
共once initial conditions and stationary external input are
given兲. The seemingly nonrecoverable loss of information
which takes place when reducing the motion of p( v ,t) to
that of  (t) could be avoided because of the peculiar dependence of the Fokker-Planck equation on the  itself; a related
concept will be touched upon in Sec. II F, where we emphasize that different ‘‘histories’’ V(t) in the ensemble described
by p( v ,t) only communicate to each other via spikes.
The infinite set of poles responsible for the stability of the
system are due to the presence of a delay ␦ in the transmission of the spikes: we therefore call them transmission poles
s (t)
n . For a system close enough to the stability boundary,
very high frequency of activity at frequencies of order 1/ ␦
can arise. Transmission poles disappear for uncoupled neurons.
As will become clearer in the following, those oscillations, fast as they are, have nothing to do with the possible
slow, oscillatory response of the network to a change in its
external inputs.
This set of poles was first observed in a mean-field approach not taking into account fluctuations in the afferent
current in Ref. 关5兴, where they are termed the gross structure
of the spectrum. Furthermore, previous works by other authors 关9,31,13兴 have shown that the description of the system
beyond the stability boundary is described 共once a thirdorder expansion has been carried out兲 by very fast limit
cycles, at least for networks of inhibitory IF neurons. On the
other hand, Eq. 共2.24兲 provides a generalization of the findings of the quoted works as for the dynamics within the
stability region.
Coming back to the role of delays, it turns out that for an
excitatory population in drift-dominated regimes, the real
part of s (t)
n , as a function of ␦ , for fixed ⌽ ⬘ is not monotonic
for large ␦ 共contrary to what happens in the approximations
adopted above兲. For successive values of n, Re s (t)
n becomes
positive in an interval of values of ␦ , and different n correspond to intervals beginning at ␦ ⬃n/  0 . Thus, for large delays the instability of the excitatory network with negligible
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noise can be oscillatory in nature. The dynamical scenarios
emerging in such situations has been described in 关15兴. For
large delays, the oscillatory instability which occurs at frequencies near Im  m is driven by a transmission pole s (t)
k
(d)
close to the diffusion pole s m
. So a kind of coupling
emerges in this condition between the transmission and the
diffusion poles: the almost regular transport of realizations
with approximate periodicity 1/ 0 locks to the transmission
of waves of neural activity, affected by a delay ␦ ⬃1/ 0
关7,32兴.
2. Transient behavior and characteristic times

We remarked that for uncoupled neurons, the poles of  1
are the eigenvalues of the Fokker-Planck operator. This suggests a guess for finding other sets of poles as small-coupling
perturbations of the . For the sake of a clear presentation,
we consider the case of a population of excitatory neurons in
a drift-dominated regime, and we focus on the first eigenvalue,  1 共and its complex conjugate兲, assuming 兩 s 兩 ␦ Ⰶ1
such that e s ␦ ⯝1⫹s ␦ 共verified a posteriori to be a very good
approximation for physiologically reasonable values of synaptic delays兲. We also assume that the terms f n c n s/(s⫺ n )
are negligible for n⫽
” ⫾1. Then the new set of poles is determined by the equation
1⫹s ␦ ⫺⌽ ⬘ ⫺

冉

冊

f 1* c 1*
f 1c 1
⫹
s⫽0.
s⫺ 1 s⫺ *
1

We further take 兩 f 1 c 1 兩 small, and correspondingly we
(1)
write an expansion for the solution s n ⯝s (0)
n ⫹s n , where 
(0)
is order 兩 f 1 c 1 兩 . At order zero, s n is one of the solutions of
a third degree equation. These include one real solution,
close to the s 0 transmission pole in Eq. 共2.25兲. The first-order
equation is first degree in s (1)
n , such that we have three so(1)
(1)
lutions s (1)
,
s
,
and
s
,
0
1
⫺1 one for each of the solutions at
order zero. The complex solutions are

冉

s 1 ⫽ 1 1⫹

f 1c 1
1⫺⌽ ⬘ ⫹ 1 ␦

冊

,

共2.27兲

and s ⫺1 ⫽s *
1 .
For the excitatory population (⌽ ⬘ ⬎0), Eq. 共2.27兲 suggests that when ⌽ ⬘ →1, and then when 兩 f 1 c 1 兩 increases,  1
⬅⫺1/Re(s 1 ), the longest characteristic time of the system,
becomes small, so that the system reaches more quickly the
steady state, as will be shown in Sec. III for a specific case.
Remembering that ⌽⫽⌽(  ,  2 ), and taking into account
that for an excitatory population both  and  2 are monotonically increasing functions of the synaptic couplings 共see,
for instance, 关33兴兲, it is seen that an increase in the recurrent
couplings brings about an increase in ⌽ ⬘ . This implies that if
learning is expressed as a potentiation of the synaptic efficacies, this would be observed in the response time of the
population to an external stimulation, so that a strengthened
recurrent coupling can prime the population to respond
quickly. We further discuss this point in Sec. III D, in the
context of a specific model. Experimental evidence provides

some support for this statement 共see, for example, Ref. 关34兴兲,
which we feel would deserve further experimental investigation.
In the regions not too close to the stability boundary, s 1
共and the analogous poles s n near  n ) have real parts smaller
in module than those of transmission poles, so that they are,
in the situations of interest, responsible for the characteristic
time of the approach to an asynchronous state  0 .
Turning to the imaginary part of s 1 , for the relatively low
frequencies of collective oscillations represented by this pole
共directly related to the eigenvalue  1 ), the remarks at the end
of Sec. II C 1 apply. Since the above poles are intimately
related to the pure ‘‘free’’ diffusion process, we term them
diffusion poles.
In the low noise limit, the diffusion poles can be associated with the characteristic times and resonant frequencies
observed in previous works using a mean-field approach
with a deterministic afferent current 关2,5,6,10兴, and called in
关5兴 the fine structure of the spectrum. The variance of the
recurrent afferent current, taken into account in the present
theory, dramatically affects the behavior of the system 共particularly in noise-dominated regimes兲, as was recognized in
Refs. 关6兴 and 关22兴 for the case of external activityindependent noise.
The above resonant response due to the diffusion poles is
never enough to challenge the network local stability; on the
other hand, we discussed in the previous subsection that for
suitable 共large兲 delays, a ‘‘coupling’’ between the transmission and the diffusion poles emerges which facilitates the
ignition of an unstable regime 共driven anyway by the transmission poles兲 at frequencies around multiples of  0 .
3. Some remarks on the nature of the poles

To summarize the phenomenological implications of the
above analysis, we list some remarks on the role and behavior of the two families of poles of  1 (s) discussed in the
previous subsections.
The diffusion poles 共hereafter called s (d)
n ) do not affect
the stability of the excitatory neural population 关which is
entirely due to the transmission poles (s (t)
n )] since their real
part is always negative, as that of the eigenvalues  n . Indeed
get farther and
we argued that for increasing ⌽ ⬘ , the s (d)
n
farther from the imaginary axis, while the opposite is true for
s (t)
n , ultimately bringing the network to instability.
In many cases of interest 共and perhaps in general兲, the real
part of  n increases with increasing n, so that the relaxation
times of the system are essentially determined by s (d)
1 . Thus,
even if in principle we could have repeated the approximate
calculation leading to Eq. 共2.27兲 for any eigenvalue, that
term is likely to provide the main contribution.
The transmission poles s (t)
n are analogous to those observed in Refs. 关5兴 and 关9兴, and disappear for a noninteracting network, or vanishing transmission delays. The diffusion
poles s (d)
n are inherently related to the nature of the diffusion
process describing the network’s dynamics in the mean-field
approximation. They affect the network dynamics even in the
noninteracting case, both governing the transient response of
the network to a change in its inputs, and contributing low-
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frequency components to the spectrum of the global activity
for a finite network, as we show in the following section
关35兴.
F. Finite-size effects

Finite N brings about both ‘‘incoherent’’ fluctuations,
which are already taken care of in the mean-field theory, and
‘‘coherent’’ fluctuations, which give rise to new phenomena.
As for the first, in the presence of sparse connectivity
共such that neurons share a negligible portion of common
input兲, or other sources of quenched randomness affecting
the interaction among neurons 共effectively decorrelating neurons’ firings even for high connectivity兲, the stochastic
changes of the current are sensed by different neurons as
incoherent fluctuations 关36兴. These fluctuations are taken
care of in the mean-field approach through  2 ( v ,t).
On the other hand, the number of spikes emitted in a time
interval dt by the network is a Poisson variable with mean
and variance N  (t)dt, as observed in Refs. 关9,10兴. The estimate of  (t) 关similarly to p( v ,t)] is then a stochastic process
 N (t), well described in the limit of large N  by

 N共 t 兲 ⫽  共 t 兲 ⫹

冑

共 t 兲
⌫共 t 兲,
N

lim  N 共 t 兲 ⫽  共 t 兲 .
N→⬁

Besides affecting  and  2 , further finite-N effects are
related to fluctuations at  and H. The flux  N (t) exiting 
reenters at the reset potential H, determining a departure
from the boundary condition 共2.7兲, due to a stochastic source
of realizations, not present in the infinite-N limit. The net
flux conservation can be recovered by adding a multiplicative noise to the Fokker-Planck equation, representing the
stochastic fluctuation of the reentering flux, with respect to
its expected value in the infinite-N limit:

 t p 共 v ,t 兲 ⫽L N p 共 v ,t 兲 ⫹ ␦ 共 v ⫺H 兲关  N 共 t 兲 ⫺  共 t 兲兴

冑

共 t 兲
⌫共 t 兲.
N

aជ̇ ⫽ 共 ⌳⫹C˙ N 兲 aជ ⫹cជ ˙ N ⫹ ជ 冑 /N⌫,

共2.28兲

where ⌫(t) is a white noise as in the Langevin equation
共2.1兲, and  (t) is the probability of emitting a spike per unit
time in the infinite network. Such finite-N fluctuations,
which affect the global activity  N , are coherently felt by all
neurons in the network: The now stochastic moments
 „v ,  N (t)… and  2 „v ,  N (t)… of the afferent current all experience the same fluctuation, since they are driven by the collective activity  N . This approach leads then to a ‘‘stochastic
version’’ of the Fokker-Planck operator L, L N , and consequently of Eq. 共2.3兲. Stochasticity disappears in the limit N
→⬁ because

⫽L N p 共 v ,t 兲 ⫹ ␦ 共 v ⫺H 兲

Before that, a remark is in order: The above description in
terms of  (t) and p( v ,t), which are the infinite-N dynamic
variables, is justified in this context because in this context
the neurons interact only through the emitted spikes: Two
different membrane potentials V i (t) and V j (t) do not directly interact. The interplay between the two levels of description (  N , p N ) and (  , p) can be viewed as follows:
For finite N, each V still evolves, as already remarked, according to the Langevin equation 共2.1兲, since to a very good
approximation its afferent current is a ␦ -correlated Gaussian
process; so, the purely diffusive part of the collective dynamics is still captured by the Fokker-Planck equation for p, the
evolution equation for an infinite ensemble of neurons. Then,
we have to take the finite N into account on the boundaries
共i.e., upon spikes emission兲, which in a sense make a finite
subset of the infinite number of neurons ‘‘real.’’
As a complete set over which to expand the above stochastic Fokker-Planck equation, we still take the eigenfunctions of L N with their eigenvalues, which are now stochastic,
explicit functions of  N . The use of this stochastic moving
basis leads to the following expression for the emission rate
equation:

共2.29兲

 ⫽⌽⫹ ជf •aជ ,
 N ⫽  ⫹ 冑 /N⌫,

共2.30兲

where the elements of ជ are the nonstationary eigenfunctions
of the adjoint operator L N⫹ , evaluated at the reset potential,
 n (H,t). For simplicity, we omitted the dependence on time,
which is the same as in Eq. 共2.21兲. It should be noted that the
above stochastic emission rate equation exhibits a complicated dependence on the finite-size noise, with ⌳, C, and cជ
all functions of  N : This is the expression of the noisy nature
of the operator L N in this context.
The above fluctuations act as an ongoing series of instantaneous endogenous perturbations, and as such they probe
the characteristic times of the system. This will show up very
clearly in the study of the finite-N power spectral density of
the collective activity, as we will see later.
From Eq. 共2.30兲, we see how the two sources of stochasticity 共the fluctuations of the moments of the afferent current,
leading to L N , and those of the reentering flux into the reset
potential H) make the dynamics of the coefficients a n (t)
关and therefore the nature of p( v ,t)] stochastic.
In order to single out the different sources of noise, it is
useful to discuss again the case of noninteracting neurons,
when the moments of the afferent current are independent of
the emission rate  of the neuron population, the FokkerPlanck operator L is deterministic as its eigenvalues and
eigenfunctions, and the coupling terms vanish, so that the
emission rate equation reduces to

This equation, together with Eq. 共2.28兲, describes the dynamics of a population of neurons for finite N, and we can now
try to derive the finite-N emission rate equation analogous to
Eq. 共2.18兲.
051917-9
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 N ⫽  ⫹ 冑 /N⌫.

P 1共  兲 ⫽ 兩 T 1共  兲  0共  兲兩 2

For drift-dominated regimes, all the a n are complex stochastic processes driven by the same ␦ -correlated noise, and we
can prove that each one of them has to a good approximation
a resonant frequency in Im  n ⯝n  . Since  N is a linear
function of a through  , the spectral content of a will endow
 N with nontrivial spectral properties. We emphasize that this
happens for a noninteracting network, and it is a manifestation of the finite-N fluctuations not included in those of 
and  2 .
Intuitively, for drift-dominated regimes, a large fluctuation in p, due to the reentering flux in H, propagates essentially undeformed towards  , since in that regime it is not
spread much by the diffusion.
1. Local analysis

Asynchronous states are now represented by a distribution
of emission rates around the mean-field fixed point  0 . The
local analysis described in the previous section can be applied in the same way to this case. We assume the zero-order
contribution to be deterministic and constant, and the stochastic component only affect the first and higher orders of
perturbations, so that for large enough N, the leading contribution of the stochastic driving force 冑 (t)/N⌫(t)
⫽ 冑关  0 ⫹  1 (t)⫹••• 兴 /N⌫(t) is

 0共 t 兲 ⫽

冑

0
⌫共 t 兲
N

and we will then write

⫽

共2.32兲
P 1 (  ) has two series of peaks: one is centered around the
imaginary part of the poles s n 共the resonant frequencies of
the system兲, whose width is proportional to Re s n . As we
will see in the next section, this provides evidence that in a
system of coupled spiking neurons, macroscopically different characteristic times coexist 共as suggested by experimental evidence in the study of the cross-correlation function of
neuron activity兲. They span a range from very low
(⬃10 Hz) to high frequency of the order of 1/␦ ; these latter
peaks have been recognized in 关5,9兴.
The numerator modulates the spectrum, inducing a second
set of peaks corresponding to the . So we can recognize
two qualitatively different finite-N contributions to P 1 (  ):
one is related to going from L to L N in Eq. 共2.29兲 and produces the first set of peaks; it has in principle a global effect
on P 1 (  ), but it turns out to significantly affect only the
high- part related to transmission poles. The other finite-N
contribution to P 1 (  ) is the one determined by the fluctuations of the reentering flux at H, and has a major effect for
low  共at least for drift-dominated regimes兲. This provides
phenomenological evidence for the role of the latter source
of finite-N noise.
The numerator of Eq. 共2.32兲 is the only element that does
not vanish when the neurons are uncoupled (⌽ ⬘ ⫽0 and cជ
⫽0),

aជ̇ 1 共 t 兲 ⫽⌳aជ 1 共 t 兲 ⫹cជ ˙ 1 共 t⫺ ␦ 兲 ⫹ ជ  0 共 t 兲 ,

 1 共 t 兲 ⫽⌽ ⬘  1 共 t⫺ ␦ 兲 ⫹ ជf •aជ 1 共 t 兲 ⫹  0 共 t 兲 ,

2. Power spectral density

Under the conditions of validity of the local analysis, the
system is stochastic and linear, and can be fully characterized
by the driving white noise  0 (t), whose power spectrum
兩  0 (  ) 兩 2 is  0 /N, and the transfer function 共the Fourier
transform of the impulsive response兲, T 1 (  ),
T 1共  兲 ⫽

ជ 兩2
P 1 共  兲 ⫽ 兩 1⫹ ជf • 共 i  I⫺⌳兲 ⫺1 

共2.31兲

where all the time-independent terms are evaluated at  (t)
⫽  0.
The previously discussed questions about the stability and
the transients are not altered by the finite-size effects, as the
pole composition of the Laplace transform  1 (s) of  1 (t) is
unaffected by the presence of  0 , which enters the numerator.

ជ
1⫹ ជf • 共 i  I⫺⌳兲 ⫺1 
.
共 1⫺⌽ ⬘ e ⫺i  ␦ 兲 ⫺i ជf • 共 i  I⫺⌳兲 ⫺1 cជ  e ⫺i  ␦

If one wants to consider the contribution of the average  0 to
the emission rate  (t), a term proportional to ␦ (  ) has to be
added, which we omit for simplicity.
The power spectrum P 1 (  ) of  1 (t) is then given by

ជ 兩2
兩 1⫹ ជf • 共 i  I⫺⌳兲 ⫺1 
0
.
i␦
⫺1 ជ
2 N
ជ
兩 共 e ⫺⌽ ⬘ 兲 ⫺i f • 共 i  I⫺⌳兲 c  兩

0
.
N

共2.33兲

It provides a nontrivial contribution only at low frequency,
since

ជf • 共 i  I⫺⌳兲 ⫺1 ជ ⫽

兺” 0
n⫽

f n n共 H 兲
i  ⫺ n

tends to zero when  →⬁, where P 1 (  ) approaches the
power spectrum of a white noise. At low frequency we expect to see some resonant peaks around Im  n , at least in
strongly drift-dominated 共suprathreshold兲 regimes 共remember that we conjecture and verify later in a specific case that
Im n ⫽0 for noise-dominated regimes兲.
This component of the power spectrum originates from
the diffusive transport of the fluctuations of p( v ,t) induced
at the reset potential by the reentering stochastic flux. Its
contribution is not negligible only for those regimes that allow a slow forgetting of the history of the depolarization, as
it is the case for drift-dominated regimes.
If a distribution of delays is introduced, it can be argued
共and partially verified in simulations兲 that the high- part of
the spectrum gets flattened, thus affecting mostly the transmission part of the spectrum. This, we expect, has implications for the stability of the network, since the damping of
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the high-frequency tail of the spectrum can be viewed as an
effective increase of the real part of the high- transmission
poles, thereby helping keeping the system away from the
stability boundary 共see also Ref. 关9兴 for a similar remark兲.
G. Several interacting populations

The approach discussed in the previous subsections has a
straightforward extension to the case of several interacting
populations of IF neurons. Following a common practice in
the mean-field analysis, the network of interacting neurons is
partitioned in ‘‘homogeneous populations,’’ each composed
of a subset of neurons which are structurally identical 共same
emission threshold, same leakage term, etc.兲 and share the
same statistical properties of their afferent current 共i.e., 
and  2 ), emitting then spikes at the same rate. This partitioning accounts for structurally different 共e.g., excitatory
versus inhibitory兲 or functionally different 共e.g., stimulated
versus nonstimulated兲 neurons. In this case, for each population ␣ there is a Fokker-Planck equation with its operator
L ␣ , depending on the moments  ␣ and  ␣2 of the afferent
current, probability density function p ␣ ( v ,t), and emission
rate  ␣ . All of these variables are now functions of the activity of all the 共say兲 P populations, so that  ␣ ⫽  ␣ ( ជ ) and
 ␣2 ⫽  ␣2 ( ជ ), where ជ ⫽ 兵  ␣ 其 1P .
The 共infinite-N) emission rate equation becomes

冉

aជ̇ ␣ ⫽ ⌳␣ ⫹

P

兺

␤ ⫽1

冊

C␣␤ ˙ ␤ aជ ␣ ⫹

P

兺

␤ ⫽1

By such an extension, the present formalism can embody
the study of multipopulation systems of IF neurons, performed under various viewpoints and with different tools by
many authors 关5,8,37,13,38兴 共see also 关39,40兴兲.
It can be interesting to observe that such an approach
allows us in principle, in the limit of an infinite number of
populations, to study the case of an inhomogeneous population, viewed as a collection of small 共but large enough to
satisfy the mean-field hypotheses兲 interacting homogeneous
populations 共as discussed in Refs. 关5,7兴兲. The case of spatially structured networks of neurons can then be approached
along these lines, and it is part of planned future work.
III. AN EXAMPLE: ONE POPULATION OF LINEAR IF
NEURONS

Because of its amenability to analytical treatment, we specialize the above analysis to the linear IF neuron 共LIF兲 关12兴,
whose depolarization is described by a Wiener process with
drift, having a reflecting barrier at v min⫽0, which we also
choose as the reset potential (H⫽0). It was proven in
关12,31兴 that networks of IF neurons retain most of the collective properties of those composed of leaky IF neurons.
The decay term is constant: f ( v )⫽⫺ ␤ . For simplicity here
we set  (t)⫺ ␤ →  (t), considering ␤ as a constant inhibitory afferent current, and the corresponding Fokker-Planck
operator L LIF becomes

cជ ␣␤ ˙ ␤ ,

L LIF共 v ,t 兲 ⫽⫺  共 t 兲  v ⫹ 21  2 共 t 兲  2v .

 ␣ ⫽⌽ ␣ ⫹ ជf ␣ •aជ ␣
for any ␣ 苸 关 1,P 兴 , where aជ ␣ is the vector of the modal expansion coefficients of the p.d.f. p ␣ , the flux vector is ជf ␣
⫽ ជf ␣ (  ␣ ,  ␣2 ), the population gain function is ⌽ ␣
⫽⌽ ␣ (  ␣ ,  ␣2 ), the diagonal matrix of the eigenvalues is
⌳␣ ⫽⌳␣ (  ␣ ,  ␣2 ), and the coupling matrix C and vector cជ
are now expressions not only of the recurrent interaction
( ␣ , ␣ ) but also of the coupling between different populations
( ␣ , ␤ ),

Equation 共2.9兲 is therefore a homogeneous second-order differential equation with constant coefficients, whose general
solution, if ⫽
” 0, is
v

  共 v ,t 兲 ⫽ 关 c ⫹ e  v /  ⫹c ⫺ e ⫺  v /  兴 e 
共valid for  ⫽
” 0), where we set

共  兲⬅




2

冑 2 ⫹2  2 ,

cជ ␣␤ ⫽ 兵 具   ␤  ␣ n 共  ␣ ,  ␣2 兲 兩  ␣ 0 共  ␣ ,  ␣2 兲 典 其 n⫽” 0

⬅

and
C␣␤ ⫽ 兵 具   ␤  ␣ n 共  ␣ ,  ␣2 兲 兩  ␣ m 共  ␣ ,  ␣2 兲 典 其 n⫽” 0 .
It should be noted that if neurons belonging to different
populations differ only for the afferent current, taking into
account several interacting populations does not require us to
study anew the Fokker-Planck operator L and its eigenvalues
and eigenfunctions, so that the above expansion relies upon
the same information needed for the case of a single population. This is due to the particular functional dependence on
the activity of the different populations, which is always
‘‘seen’’ through the moments  ␣ and  ␣2 of the afferent currents.

共3.1兲


2

.

共3.2兲

The spectrum of the operator, and the arbitrary constants in
its eigenfunctions, are determined by the boundary conditions, as we show in the following.
From Eq. 共2.11兲, the adjoint operator for this specific
model is
⫹
L LIF
共 v ,t 兲 ⫽  共 t 兲  v ⫹ 21  2 共 t 兲  2v ,

and its eigenfunctions   are
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A. Eigenvalues and eigenfunctions of L LIF
1. The stationary mode: Ä0

⫽0 is an eigenvalue of L. The corresponding eigenfunction, which in general depends on time through  and  2 , is

 0 共 v ,t 兲 ⫽

c
关 1⫺e ⫺2  (  ⫺ v )/  兴 ,


where c is given by the normalization condition
c⬅⌽ 共  ,  2 兲 ⫽

冋 冉

 2 2 
2
⫺1⫹e ⫺2  / 
22 2

冊册

⫺1

,

the current-to-rate transduction function derived in Ref. 关12兴.
In stationary condition ⌽(  ,  2 ) gives the output emission
rate  of the population 共its gain function兲 and  0 is the
p.d.f. p( v ) of the membrane potential at any time.
Recall that the eigenfunction  0 of the adjoint operator
⫹
is
L LIF

 0 ⫽1.

FIG. 1. The spectrum of L LIF as a function of  . Real 共left兲 and
imaginary 共right兲 parts of the eigenvalues of L LIF  n (n苸
关 ⫺3,3兴 ), for  varying in the same interval. In the Re (  ) plot the
dashed lines are the reference values ⫺2  2 n 2 , for  ⫽0. We set for
simplicity  2 ⫽1 and  ⫽1. See text for details.

stationary mode. Making use of the characteristic equation, it
is not hard to prove that 具   ⬘ 兩   典 ⫽0 when  ⬘ ⫽
” , whereas
the normalization condition 具   兩   典 ⫽1 requires

2. The nonstationary modes

To characterize the spectrum of the operator L LIF , we
” 0 with the
study the generic eigenfunction   ( v ,t) for ⫽
boundary conditions appropriate for the LIF neuron.
The presence of the absorbing barrier 共2.5兲 constrains Eq.
共3.1兲 to the form

共 ⫺v 兲
  共 v ,t 兲 ⫽c  e  v /  sinh
,


共3.3兲

which, due to the flux conservation 共2.7兲 and the reflecting
barrier 共2.8兲, satisfies the following equation:
1
2

 2  v   兩 v ⫽  ⫽ 共 21  2  v   ⫺   兲 兩 v →0 ⫹ .

From this we find the characteristic equation

 e  ⫽  cosh  ⫹  sinh  ,

共3.4兲

whose solutions give the set of all the nonvanishing eigenvalues of the operator L LIF . It easy to verify from these
equations the property 兰   ( v ,t)d v ⫽0.
Before discussing the characteristic equation, we study
⫹
, taking into
the eigenfunctions of the adjoint operator L LIF
account the corresponding boundary conditions:   (  )
⫽   (0) and  v   (0)⫽0. We obtain again Eq. 共3.4兲, consistently with the known property that the eigenvalues are the
same as those of L LIF , and the following expression for the
eigenfunctions:

冋

册

v
v
  共 v ,t 兲 ⫽e ⫺  v /   cosh ⫹  sinh .



共3.5兲

In the above equation, we omitted the integration constant, because we can absorb it in the c  of   . This constant c  in Eq. 共3.3兲 is complex and can be determined from
the biorthonormality condition 共2.13兲, as in the case of the

c ⫽

2

 关  cosh  ⫹ 共  2 ⫺  兲 sinh  兴

.

3. The spectrum of L LIF

For the sake of brevity, we do not give the details of the
computation of the eigenvalues of L LIF , and we just summarize below the key features of the result 共details of the computation are available from the authors upon request兲.
Figure 1 shows the first seven eigenvalues 共including 
⫽0) as a function of  . First of all, we note that Re ⭐0, as
expected. It is also apparent that the real and imaginary parts
of  have an abrupt transition when the input current goes
from a noise-dominated regime (  ⬍0, i.e., negative total
drift兲 to a drift-dominated one (  ⬎0, i.e., positive total
drift兲: In the first case, the eigenvalues are real and negative,
whereas if the drift is positive, the eigenvalues are complex.
To summarize, one eigenvalue of L LIF is
 0 ⫽0
for any dynamic regime. The other eigenvalues are, for 
⫽0,
 n 共 0 兲 ⫽⫺

2

2

2  2n 2

for any integer n⫽
” 0.
It turns out that Re  n (  )⬃⫺2  2 n 2  2 /  2 ⫺O(  ), which
suggests that the characteristic times associated with eigenvalues  n decrease like 1/n 2 when n increases, leading us to
assume that in a quasistationary regime only the first eigenvalues play an important role: The modes are exponentially
damped with characteristic times 兩 Re  n 兩 ⫺1 ⬃1/(n  ) 2 共see
also Sec. II E 3兲. This also suggests that the noise in the
afferent current plays an important role for uncoupled net-
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FIG. 2. Transient response of a population of uncoupled neurons: Simulations vs theory. The initial condition is V(0)⫽0 for all the
neurons. At t⫽0 a current is injected, with the same constant  and  2 for all the neurons, such as to asymptotically drive the neurons to
fire at  0 ⫽25 Hz. The upper and lower plots refer to neurons in drift-dominated and noise-dominated regimes, respectively. Light gray lines
are the emission rate of 10 000 simulated IF neurons; dashed-dotted, dashed, and solid lines are the theoretical emission rates due to the first,
second, and third 共couples of兲 modes, respectively. Damped oscillations are visible only in the drift-dominated regime, mainly due to the first
eigenvalue of L 共dotted lines are the real parts of the first modes兲.

works: The greater the fluctuations in the afferent current, the
shorter the response time, as expected.
As we will see in the following section, in the absence of
interaction between neurons, the imaginary part of the eigenvalues, which appears only in a drift-dominated regime, accounts for the oscillatory behavior of the population emission rate. Such oscillation is dominated by the first spectral
term (n⫽1), and its period is given by 2  / 兩 Im  1 兩 ⯝  / 
⯝1/ , which is the time a neuron takes, in the absence of
noise, to reach the threshold starting from V⫽0.
B. A first check: Noninteracting neurons

For an ensemble of noninteracting neurons,  (t) is given
by Eq. 共2.20兲, where the fluxes f n , defined by Eq. 共2.19兲, are
evaluated using eigenstates  n given by Eq. 共3.3兲. If we
further assume the initial condition p( v ,t⫽0)⫽ ␦ ( v ), the
result is

 共 t 兲 ⫽⌽ 共  ,  2 兲 ⫹

2 
e
c 共  n 兲  共  n 兲 2e nt.
2  n⫽” 0

兺

Theoretical predictions, and the range of validity of the
approximations involved, are checked against simulations
共and also numerical integration, not shown兲 of the FokkerPlanck equation.
Figure 2 shows the population emission rate versus time,
for an ensemble of uncoupled LIF neurons, in a driftdominated 共top兲 and in a noise-dominated 共bottom兲 regime.
Neurons all start integrating the afferent current from the
initial condition V⫽0, and parameters are such as to have a
stable, 25 Hz firing rate as a fixed point. The figure is meant
to illustrate how drift- or noise-dominated regimes imply
very different transient responses: damped oscillatory in the
former case and exponentially approaching the asymptotic
state for the latter, as predicted by the theory. The quantitative agreement between theory 共solid black line兲 and simulation 共gray line, average activity of 10 000 simulated LIF neurons兲 is remarkable. We note that only six spectral terms 共the

first three eigenmodes and their complex conjugates兲 are
enough to account for the properties of the transient response
with high accuracy; furthermore, in the cases shown, the hierarchy of characteristic times is such that after a few milliseconds the first eigenvalue alone guides the evolution of 
共the real part of the first term is the dotted line in the plots兲.
The very early stages are not well reproduced, since more
and more terms would be needed as we go towards t⫽0; a
modest improvement over the first mode due to the inclusion
of the next two is barely visible in the second plot. The
hierarchy of times pertaining to the successive eigenvalues is
clearly illustrated in Fig. 1.
We remark that the numerical integration of the FokkerPlanck equation 共not shown兲 is in excellent agreement with
the simulation, which proves that the hypotheses underlying
the theory are fulfilled.
The spectral properties associated with the stationary state
are illustrated in Fig. 3. We recall that a nontrivial spectral
structure 共modulating the constant, white noise  0 /N spectrum兲 appears as a result of finite-size effects on the probability current at the boundaries, and, since we are dealing
with uncoupled neurons, the transmission poles do not contribute. The figure shows a comparison between the theoretically predicted spectrum, Eq. 共2.33兲, and the one derived
from simulations. The position of the peaks is determined by
the imaginary part of the diffusion poles 共which coincide
with the eigenvalues for the uncoupled network兲. The real
part of the poles determines the height and width of the
peaks. Similar results have been found in Ref. 关10兴, and also
in Refs. 关2,15兴.
C. Populations of interacting neurons
1. A network of inhibitory neurons

We now move to the more interesting case of a population
of interacting neurons, and test the theoretical predictions
concerning the transient behavior and the spectral properties.
We first show in Fig. 4 the distribution of the poles of  1 (s)
关Eq. 共2.23兲兴 for a population of interacting inhibitory neu-
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FIG. 3. Power spectrum of the activity of a population of uncoupled neurons in a drift-dominated regime: Simulations vs theory.
The solid line is the power spectrum from a simulation of 60 sec in
a stationary condition 共after decay of the transient兲; the thick gray
line is the theoretical prediction; the dashed line is the flat power
spectrum of the white noise with variance  0 /N(  0 ⫽20 Hz and
N⫽1000).

rons. The diffusion and transmission poles are plotted in the
complex plane for 13 values of ⌽ ⬘ , all corresponding to the
same fixed-point emission rate 共by adjusting external currents and couplings兲.
It is seen that for the diffusion poles, the real part stays
negative, while that of the transmission poles ultimately
crosses the imaginary axis for high enough coupling, thereby
determining the instability of the fixed point. It is also apparent from the plot that the imaginary part of both the transmission and the diffusion poles 共the frequency of the associated oscillations兲 is essentially constant with respect to ⌽ ⬘ ,
while the characteristic times of the transient response, associated with the real part, are very sensitive to ⌽ ⬘ , and therefore to the coupling 共stronger coupling, quicker response兲.
For inhibitory neurons, the transmission poles always have a
nonvanishing imaginary part; this suggests the oscillatory nature of the instability, when the real part of s (t) becomes
positive. In fact, it was proved in 关9兴 共see also Ref. 关31兴兲 that
the inhibitory network undergoes a Hopf bifurcation. Up to
tiny variations, for all the shown values of ⌽ ⬘ , Im s (t)
n
⫽  (2n⫺1)/ ␦ .
Figure 5 shows the distribution of the diffusion and transmission poles in the complex plane for an inhibitory population in a noise-dominated regime. Markers and shading are
as in Fig. 4. The network is stable for all the points shown
共though it is still true that the transmission poles are responsible for the instability of the network for high enough couplings兲. It is seen that in this case the real part of the diffusion poles has a weak dependence on the couplings, while
the associated imaginary parts strongly depend on them. We
also stress that the diffusion poles exhibit an imaginary part,
even if the eigenvalues of L are real.
Figures 6, 7, and 8 compare, for coupled inhibitory networks, theoretical predictions to simulations 共details are in
the captions兲. We remark that, as anticipated, finite-size fluctuations do not affect the transient behavior of the network,
and Fig. 6 illustrates the excellent agreement between simu-

FIG. 4. Poles distribution for a recurrent inhibitory population
with different coupling strengths in a drift-dominated regime. Diamonds: first four diffusion poles (s (d)
n ); circles: first three transmission poles (s (t)
n ) 共poles are complex-conjugate pairs兲. The darker the
marker, the smaller 共in module兲 the slope of the transfer function
and the coupling strength. s (t)
1 共with its complex conjugate兲 is the
first pole crossing the imaginary axes, determining the instability of
the population dynamics. For different coupling strengths the external currents are adjusted in order to have the same fixed point at
 0 ⫽20 Hz. It is clearly seen in the figure that the diffusion and the
transmission poles move in opposite directions along the real axis,
when ⌽ ⬘ is varied.

lations and the theoretical predictions in the infinite volume
limit.
Figure 7 shows the power spectral density of the population activity, theory versus simulation. The population activity has been sampled from simulation after the transient was
extinguished, in order to capture only the stationary spectrum. Besides the apparent good agreement between theory
and simulations, we note the following: 共i兲 the position of the
high-frequency 共transmission兲 peaks is unaffected by finitesize effects, coherently with the stated irrelevance of the latter for the poles of  1 共see remarks at the end of Sec. II F 1兲
共compare the position of the peaks with the imaginary parts
of s (t)
n in Fig. 4兲; 共ii兲 even if also the frequencies of the peaks
potentially due to the diffusion poles are insensitive to finiteN fluctuations, the low- part of the spectrum is strongly
affected: new peaks appear, at frequencies determined by the
imaginary part of the eigenvalues of L, as a result of the
 -dependent term in Eq. 共2.32兲, which captures the effects of
the fluctuations of the reentering flux in H; the latter, finite-N
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FIG. 5. Poles distribution for a recurrent inhibitory population
with different coupling strengths in noise-dominated regimes. Diamonds: first four diffusion poles (s (d)
n ); circles: first four transmission poles (s (t)
).
Shading
as
in
Fig.
4. The mean population emisn
sion rate is kept at  0 ⫽4 Hz. All the states are stable. Diffusion
poles have a large spread in their imaginary parts, while the real
parts of the two classes of poles still move in opposite directions,
when ⌽ ⬘ is varied. Despite the fact that the eigenvalues of L are
real in noise-dominated regimes, the diffusion poles are complex
conjugates.

low-frequency part of the spectrum disappears for a population in a noise-dominated regime, since in this case the eigenvalues of L are purely real 共see the discussion in Sec.
II F 2兲.
We emphasize that the low- peaks in P(  ) are a qualitatively different consequence of the finite-N effects, with
respect to the  -independent term  0 /N, which simply
renormalizes the scale of P(  ), and would result from Pois-

FIG. 6. Transient response to a step change in the external emission rate of a population of inhibitory neurons in a drift-dominated
regime: Simulations vs theory. For t⬍0, the network is in an asynchronous stationary state with mean emission rate  ⫽0.2 Hz. At t
⫽0, an instantaneous increase of the rate of external neurons, thereafter kept constant, drives the activity towards a new stable state
with  ⫽20 Hz. The solid black line is the mean of the activity from
10 simulations of a coupled network 共5000 inhibitory LIF neurons兲.
The thick gray line is the theoretical prediction, obtained from the
first four pairs of diffusion poles.

FIG. 7. Power spectrum of the activity of a population of inhibitory neurons in a stationary, drift-dominated regime: Simulations vs
theory. The solid black line is the power spectrum from a 60-sec
simulation; the thick gray line is the theoretical prediction; the
dashed line is the power spectrum of the white noise with variance
 0 /N, being  0 ⫽20 Hz and N⫽5000.

son fluctuations of  , as introduced in 关9兴. The new finite-N,
 -dependent part of the spectrum can overwhelm the purely
diffusive part 共this is the case for the network in Fig. 7兲. We
further note that this low- part of the spectrum becomes
increasingly relevant if a distribution of delays is introduced;
in fact, we checked 共but do not show兲 that the highfrequency part of P(  ) is more and more strongly damped
as the distribution of delays becomes wider 共see Sec. II F 2兲.
Figure 8 shows the power spectrum of the collective activity for an inhibitory population in a noise-dominated regime. The eigenvalues of L are in this case purely real, and
the power spectrum does not exhibit low-frequency peaks,
even if in principle one could have expected them, in connection with the diffusion poles shown in Fig. 5; this means
that, at least in this case, the numerator only of Eq. 共2.32兲
determines the low- peaks in the spectrum.

FIG. 8. Power spectrum of the activity of a population of inhibitory neurons in a stationary, noise-dominated regime: Simulations
vs theory. The network parameters are the same as those of the
white markers in Fig. 5. See Fig. 7 for details; in this case  0
⫽4 Hz and N⫽2000.

051917-15

PHYSICAL REVIEW E 66, 051917 共2002兲

MAURIZIO MATTIA AND PAOLO DEL GIUDICE

FIG. 10. Response times for a recurrent excitatory population
with different coupling strengths. The response times of the first
four diffusion poles 共left兲 and four transmission poles 共right兲 are
plotted against ⌽ ⬘ . The two types of poles have a different behavior
when the coupling strength 共directly related to ⌽ ⬘ ) is increased:
The response time due to the diffusion poles is shortened, while the
opposite happens for the transmission poles 共notice the different
scales兲. See text for details.

FIG. 9. Poles distribution for a recurrent excitatory population,
for different coupling strengths in drift-dominated regimes. Diamonds: The first four diffusion poles (s (d)
n ); circles: The first three
transmission poles (s (t)
n ) 共poles are complex-conjugate pairs with
the exception of s (t)
0 , which is real兲. See text and Fig. 4 for details.
The transmission poles are shifted by a frequency ⬃1/2␦ ( ␦
⫽2 ms) with respect to the case of an inhibitory population. For the
different coupling strengths, the external current is adjusted in order
to have the same stationary rate  0 ⫽20 Hz.

Comparing Figs. 8 and 7, it is apparent that the low-
part of the power spectrum of the simulated network is in
excellent agreement with the theory in the case of the noisedominated regime, while a discrepancy arises for the driftdominated case 共with respect to the width and height of the
peaks, while the resonant frequencies are still in good agreement兲. The trough in P(  ) for low  is reminiscent of the
effect of a refractory period on the power spectrum of the
single neurons 共see 关10,41兴兲; even if we assumed  0 ⫽0, this
does not exclude an effective refractory period possibly related to the transport of p( v ) along the interval (H,  ) in the
drift-dominated regime.

type, but ‘‘explosive’’ in nature; now Im s (t)
n ⫽2  n/ ␦ . 共ii兲
The transmission poles have a very different dependence on
the intensity of the interaction, ⌽ ⬘ : For a wide range of
values for ⌽ ⬘ the characteristic times associated with the
transmission poles remain essentially constant. We remark
that the stability condition ⌽ ⬘ ⭐1 is verified.
Figure 11 displays the power spectrum for the excitatory
network. It is worth noting that in this case the ‘‘diffusion’’
part of the spectrum dominates over the ‘‘transmission’’ part.
The positions of the peaks are the Im s (t)
n and Im  n above.
Figure 10 further illustrates the characteristic times associated with the diffusion and the transmission poles. One
distinctive feature of the excitatory case is the very strong
dependence of the longest time scale 共associated with s (d)
1 ),
on ⌽ ⬘ ; this point is further discussed in the following subsection.

2. A network of excitatory neurons

Figures 9–11 illustrate the stability scenario, the characteristic times of the transient response, and the power spectral density for a population of interacting excitatory neurons. From Fig. 9, two main differences are apparent, with
respect to the inhibitory case. 共i兲 The  1 now has the first
transmission pole on the real axis, which implies a different
nature of the transition to instability, no longer of the Hopf

FIG. 11. Power spectrum of the activity of a population of
coupled excitatory neurons in a drift-dominated regime: Simulations vs theory. The white noise variance  0 /N is given by  0
⫽20 Hz and N⫽1000. The coupling strength is such that ⌽ ⬘
⫽0.6.
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FIG. 12. Transient responses to a stepwise stimulation of an
excitatory population, for two different coupling strengths. The network parameters are the same as two of the points in Figs. 9 and 10.
The transient responses of a weakly coupled (⌽ ⬘ ⫽0.6, thin line兲
and a strongly interacting (⌽ ⬘ ⫽0.95, thick line兲 network are
shown. Only the first four pairs of diffusion poles are used. The
stimulation is given by an instantaneous increase of the emission
rate of external neurons at t⫽0. The steady states of the population
before and after the stimulation are, respectively, 1 Hz and 20 Hz.

FIG. 13. Power spectrum of an excitatory population in a driftdominated regime, for different coupling strengths. For the same
network of Fig. 9, the power spectrum is shown for a weakly
coupled (⌽ ⬘ ⫽0.6, thin line兲 and a strongly interacting (⌽ ⬘
⫽0.95, thick line兲 network. The high-frequency part of the spectrum stays essentially unaffected, while the ‘‘diffusive,’’ lowfrequency part shows appreciable changes. The white noise spectrum 共dotted line兲 has variance  0 /N given by  0 ⫽20 Hz and N
⫽1000.

D. A possible effect of learning

IV. DISCUSSION

Figure 12 shows the theoretical prediction for the transient response of an interacting excitatory population which,
starting from a stable state of low emission rate 共1 Hz in the
case shown兲, undergoes a sudden jump in its external input,
which is then kept constant, making the global activity of the
network converge to a steady state of higher activity 共20 Hz兲.
For the same initial and final asymptotic average emission
rate, we show in the figure how the value of ⌽ ⬘ affects the
transient response: higher values of ⌽ ⬘ entail quicker response, and faster damping of the oscillations 关42兴. This is
consistent with the stated dependence of Re s (d)
n on ⌽ ⬘ , and
the fact that s (d)
dominate
the
transient
response.
n
For a given network architecture and neuron’s parameters,
increasing values of ⌽ ⬘ imply stronger recurrent couplings,
as we expect to be brought about by a learning process 共for
example in a Hebbian learning scenario 关43,44兴兲. This effect
could have deep functional implications, and we elaborate
briefly on this point in Sec. IV.
The spectral analysis, shown in Fig. 13, illustrates how,
besides the transient response, the effects of synaptic potentiation can be appreciated looking at the stationary activity
state. In particular, it is seen that the value of ⌽ ⬘ essentially
affects only the ‘‘diffusion’’ part of the spectrum, leaving the
‘‘transmission’’ part almost unchanged.
From Fig. 13 we also see that the  ⫽0 component is
much higher for the higher value of ⌽ ⬘ . Since in general the
height of each component in the spectrum is determined by
the real part of the corresponding pole, again we see here a
manifestation of the increasing ⌽ ⬘ bringing the network towards the stability boundary: The s (t)
0 pole in fact, which
gives a  ⫽0 contribution, is the one determining the stability of the network, and its real part is a decreasing function
of ⌽ ⬘ , as we discussed in relation to Fig. 9.

The main purpose of the present work is to improve on
some aspects of previous dynamical treatments of the population activity of a network of interacting neurons.
We focused on the asynchronous collective neural states;
this is not unreasonable, in view of typical cortical conditions 共particularly taking into account the ability of neural
modules to quickly react to stimulation 关15兴兲. On the other
hand, it would be desirable to extend the coverage of the
dynamical scenarios offered here to other, globally stationary
and/or nonstationary regimes, in the spirit of the ‘‘phase diagrams’’ derived in 关7,9,13兴.
We expand a bit in the following on possible experimental
implications of the spectral analysis of  (t), comment on the
mentioned ‘‘priming’’ effects related to synaptic modifications, and finally list some open problems.
A. Power spectrum and network properties

The predictions of the theory presented here about the
power spectrum P(  ) of the collective activity, amenable in
principle to experimental investigation, relate to quantities
such as the 共distribution of兲 delays 共which could effectively
embody the effects of slow synaptic currents 关9兴兲, or the
pattern of synaptic couplings. One obvious difficulty in estimating the P(  ) is that one should be able to get a reliable
estimate of the collective activity  (t). An experimental
measure of the characteristic times of the transient response
of the network to abrupt variation in its inputs would provide
an independent clue about essential features of the power
spectrum 共the diffusion poles兲. While such a measurement
seems presently unfeasible in vivo, one can speculate on the
possibility to perform it in vitro. Specifically, one could
imagine performing a long series of stepwise stimulations of
a small neural population in a slice 共for example, using mul-
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tielectrode arrays兲, recording each time the activity of a small
number of neurons; the set of multiple recordings 共aligned in
time兲 would provide an estimate of the transient  (t) 共such a
pooling strategy was explored in Refs. 关2,45兴 in a simple
setting兲. Measuring the transient response this way could be
much easier than trying to estimate the stationary network
activity.
On the other hand, especially in view of the characterization of the spectral content of the neural activity recorded in
vivo, it is tempting to consider the role of finite-size noise as
a network’s self-probing signal, such that the frequency response of the collective activity is exposed even in the absence of external stimulation tuned on purpose.
B. Priming effects induced by ‘‘learning’’

We saw in simple cases how the characteristic times of
the network response depend on the slope ⌽ ⬘ of the population gain function, and we mentioned that this can be viewed
as a possible effect of ‘‘learning,’’ as long as the latter is
described as a sequence of synaptic modifications, affecting
in turn  and  2 . This is relevant in view of a scenario in
which, for example, a series of neuronal modules 共say a processing chain from ‘‘sensory’’ to deeper areas兲 propagate information along the chain, in such a way as to reflect the
‘‘familiarity’’ or ‘‘novelty’’ of a stimulus 共a familiar stimulus
eliciting a quicker response兲.
As a qualitative indication of the possible link between
successive stages of learning and the speed of the population
response to external stimuli, we mention the results of Ref.
关34兴, in which in vivo recording in behaving monkeys performing a delayed task showed a marked dependence of the
latency of the response on the degree of ‘‘familiarity’’ of the
stimuli. Figure 2C of Ref. 关34兴 shows clearly that the response to novel stimuli 共to which to apply the already
learned task兲 drops after 200 trials to about 80% of its initial
value. Though compatible with several possible explanations, such experimental evidence is suggestive of a possible
direct implication of the average synaptic potentiation
brought about by learning.
We remark that if one adopts a generic first-order dynamics for the rate  , ˙ ⫽ f (  ) 共see 关5,6兴 for approaches of this
type兲, given a fixed point  0 , such that f (  0 )⫽0, with stability condition f ⬘ (  0 )⬍0, it is easy to see that the relaxation time to  0 is ⫺1/f ⬘ (  0 ), and the closer the system is to
the stability boundary, the longer is the relaxation time. The
opposite emerges from the present analysis. Whatever time
scale is plugged into the above naive dynamics, the suggested relation with stability is misleading: coming close to
the stability boundary in fact makes the network respond
faster, while the stability condition itself is determined by
poles whose typical characteristic times are much shorter,
and do not essentially affect the transient response.
C. Some open issues

On the theoretical side, some important features are missing in the class of models considered in this work, and make
the link with experimental findings still fleeting. One of these

is the variety of noninstantaneous synaptic transmission
mechanisms of the presynaptic action potentials. Actually,
synaptic interactions are mediated by the diffusion of neurotransmitters and the kinetics of post-synaptic receptors,
whose time constants and dynamics are quite well established 共see, for instance, Ref. 关46兴兲.
Indications about the role of synaptic currents were given
in Refs. 关5,6,15兴 for drift-dominated regimes.
In the mean-field framework, it has been suggested that
synaptic time constants can be effectively considered as
transmission delays: In Ref. 关9兴, the effects of the characteristic time scale of the 共inhibitory兲 synaptic current have been
illustrated through a study of the network’s state space.
Incorporating the effect of noninstantaneous synaptic currents has recently been the subject of several other efforts. In
Ref. 关38兴, following the approach pioneered in Ref. 关5兴, a
population density approach for the evolution of the p( v ,t)
is complemented by a dynamic equation for the average 共inhibitory兲 synaptic conductance 共a mean-field treatment of the
synaptic transmission兲. In Ref. 关47兴, the population density
approach is further extended to take into account both excitatory and inhibitory synaptic contributions, and the effects
of their fluctuations, developing an effective dimensional reduction of the otherwise high-dimensional Fokker-Planck
equation. Reference 关48兴 addresses the noise-filtering properties of the IF neuron’s output in connection with nonnegligible 共but small兲 synaptic time scales, and shows that
finite synaptic times bring about quicker neuron response to
transient changes in its input.
Much is still to be done in this respect, to characterize the
behavior of the coupled network in different 共especially
noise-dominated兲 regimes. As part of work in progress, we
plan to extend the approach described in the present paper to
perturbatively take into account noninstantaneous synaptic
currents 关49兴.
The formalism illustrated in the present paper can in principle be applied to the widely used leaky IF neuron model.
Such application would be interesting in several respects: It
would provide a characterization of the phenomenology for
the ‘‘default’’ model for biologically motivated modeling,
making it easier to compare and contrast previous results.
Besides, we formulated in the present paper some conjectures 共such as the fact that the eigenvalues of the FokkerPlanck operator are purely real in noise-dominated regimes兲;
it would be interesting to check their validity for the leaky IF
neuron model.
Extending the treatment to the leaky IF neuron implies a
technical complication, essentially due to the fact that the
eigenvalues and eigenfunctions of the Fokker-Planck operator can only be expressed in terms of special functions 共parabolic cylinder functions兲.
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