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Abstract
In this paper we review a series of works concerning models of spiking neurons interacting via spike-driven, plastic, Hebbian
synapses, meant to implement stimulus driven, unsupervised formation of working memory (WM) states.
Starting from a summary of the experimental evidence emerging from delayed matching to sample (DMS) experiments, we brieﬂy
review the attractor picture proposed to underlie WM states. We then describe a general framework for a theoretical approach to
learning with synapses subject to realistic constraints and outline some general requirements to be met by a mechanism of Hebbian
synaptic structuring. We argue that a stochastic selection of the synapses to be updated allows for optimal memory storage, even if
the number of stable synaptic states is reduced to the extreme (bistable synapses). A description follows of models of spike-driven
synapses that implement the stochastic selection by exploiting the high irregularity in the pre- and post-synaptic activity.
Reasons are listed why dynamic learning, that is the process by which the synaptic structure develops under the only guidance of
neural activities, driven in turn by stimuli, is hard to accomplish. We provide a Ôfeasibility proof’ of dynamic formation of WM
states, by showing how an initially unstructured network autonomously develops a synaptic structure supporting simultaneously
stable spontaneous and WM states in this context the beneﬁcial role of short-term depression (STD) is illustrated. After summarizing heuristic indications emerging from the study performed, we conclude by brieﬂy discussing open problems and critical issues
still to be clariﬁed.
 2004 Elsevier Ltd. All rights reserved.
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1. Introduction
Modelling the dynamic behavior of large populations
of neurons aims primarily at capturing essential principles underlying the way in which the interaction with the
environment shapes the structure and the behavior of
the central nervous system.
For such a formidable task to be feasible, it has to be
partitioned in sub-tasks of manageable complexity. This
implies, among other things, mapping the model architecture onto a neurobiological structure of interest,
identifying the input and output channels of the subsystem being modelled and making assumptions as to
the coding strategy relevant in the case at hand.
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The critical stage in which the model is formulated, its
building blocks deﬁned and their dynamics assigned, has
many degrees of freedom, which often tend to make the
model itself Ôunderdetermined’ with respect to experimental data. In some cases, however, experimental indications appear to decisively suggest, if not a speciﬁc
model, the Ôlogic’ for its construction.
The neurophysiological experiments exposing the
neural substrate of Ôworking memory’, or Ôactive memory’ states in the infero-temporal (IT) or pre-frontal (PF) cortices seem to constrain to a signiﬁcant
extent the logical requirements to be met by a successful model of those functions. A source of inspiration was found in particular in experiments in which a
neural population, after responding to a familiar stimulus, was able to keep ﬁring at higher than spontaneous rate, in a stimulus selective way, after removal of
the stimulus, for macroscopically long times (see Section 2).
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It was suggested (see [1]) that a most natural way to
account for such sustained reverberations is an Ôattractor’ dynamics at work in a system of interacting neurons
with high feedback. 1 The seminal suggestion steered a
successful research program, of which we report here the
portion more related to our own work.
The stimulus selectivity of the reverberant, attractor
activity, i.e. the fact that the familiarity of the stimulus
triggers it, points directly to the issue of learning,
meaning in this case the development of a visual memory, i.e. the formation of internal representations of visual stimuli. In such a scenario, the input to the system is
the activity elicited in the neural population by the visual stimulus (however encoded by previous stages of
processing), and the output is the activity pattern of that
same population, after the reverberation sets in, and it is
an autonomous reﬂection of the feedback dynamics of
the system.
The long standing suggestion, that the substrate of
learning is to be found in the modiﬁcations of the synaptic couplings among neurons, together with the original proposal of Hebb [2], that those modiﬁcations are
local, and dependent on the covariance of the pre- and
post-synaptic activity for each synapse, take a precise
and quantitative form in the theory of attractor neural
networks [3–6], and generate predictions that can be in
principle (and have been in part) veriﬁed in experiments.
Recurrent neural network models incorporate learning through various kinds of prescriptions, most of which
capture the original Hebbian suggestion, by which
learning is associated with synaptic long-term potentiation (LTP) and is driven by the covariance of pre- and
post-synaptic activities. The structure of incoming stimuli is transferred into the synaptic development by means
of the frequencies: incoming stimuli activate (raise the
frequency of) given sets of neurons, and the synaptic
eﬃcacies are pre-speciﬁed functions of the pre- and postsynaptic frequencies. The Hebbian facilitation mechanism for high pre- and high post-synaptic frequencies, is
accompanied by some choice for the mechanism in
charge of long-term synaptic depression (LTD).
These learning rules proved to account for a very rich
phenomenology, including retrieval and maintenance of
Ôlearned’ internal representations of a stimulus in tasks
implying working memory (see e.g. [1,5,6]).
As richer and richer collective behaviors of large
networks of spiking neurons are understood and
brought Ôunder control’ (in terms of analytical description and/or of semi-realistic simulations), and experi-

1

This is to be understood as a logical constraint, and its power is
not spoiled by the possibility that, for example, the neural area of
interest might be receiving sustained input from elsewhere in the brain,
since this would only shift the problem to the justiﬁcation of that input
signal. See the discussion in [1].

mental ﬁndings shed some light on the biological
mechanisms of LTP and LTD, it appears timely to explore ways of incorporating the dynamics of learning
into the model.
This is not only a natural quest of a dynamic substrate
for supposedly known features of learning. Instead, it
opens up an entire new territory for the dynamical
analysis of recurrent networks of spiking neurons.
In this paper we summarize the neurophysiological
evidence related to the establishment of working memory, set up a general framework for a theoretical approach to learning, outline some general requirements to
be met by a mechanism of synaptic structuring and some
of the questions raised by the inclusion of synaptic
dynamics, sketch possible ways to put under partial
control the search for interesting dynamical regimes in
the huge neural and synaptic parameters space, and
provide examples for a speciﬁc case.
The plan of the paper is as follows: Section 2 summarizes experimental evidence for stimulus-speciﬁc, enhanced activity observed in electrophysiological
recordings from various cortical areas during tasks
involving a delay. We focus in particular on inferotemporal cortex (IT) (and brieﬂy mention experiments in
pre-frontal cortex, PFC), and emphasize the emergence
of delay activity as an automatic consequence of the
building up of long lasting archetipycal neural representations of visual objects, even when it is not needed
for performing successfully the task (as in the case of
simple delayed matching to sample (DMS) tasks, where
long-term memory is not needed).
In Section 3 The Ôattractor’ theoretical framework is
summarized: the Hebbian view is implicitly adopted, of
a distributed reverberation as the global outcome of
local synaptic changes driven by covariant pre- and
post-synaptic activities. The delay activity would be
interpreted as a self-sustaining, selective attractor state
ignited by the appearance of a Ôfamiliar’ stimulus, and
kept alive by the high feedback.
Section 4 introduces a family of models of spiking
neurons and of assemblies of those, interacting via
excitatory and inhibitory synapses. We describe the
widely used Ôintegrate-and-ﬁre’ (IF) neuron, the approach to its dynamics in terms of stochastic aﬀerent
currents, and the Ômean ﬁeld’ treatment of the collective
equilibrium states for an interacting population of IF
neurons. We brieﬂy discuss how a synaptic structure
aﬀects the equilibrium properties of the system and allows for self-sustaining selective activity. We also brieﬂy
mention an approach to a dynamic mean ﬁeld treatment.
In Section 5 we sketch a conceptual frame for
Ôlearning’ and Ôforgetting’ the suitable synaptic structure
in a quite general realistic scenario, in which synapses
are discrete and bounded, and the global dynamics of
learning is described as a walk through the discrete
synaptic state space. Considerations of the network’s
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memory capacity lead to the proposal of a Ôstochastic’
(and slow) learning dynamics. From the analysis, which
encompasses many possible Ôlearning rules’, the Hebbian
rule emerges as the optimal one in terms of signal-tonoise ratio.
In Section 6 a family of Ômicroscopic’ implementations of the stochastic learning idea in terms of detailed
synaptic dynamics is presented. The dynamic synapse is
spike-driven, in such a way to implement a rate dependent, Hebbian long-term plasticity. Concerning the hot
ongoing debate on which models of synaptic plasticity
are presently best supported by experimental evidence,
we remain neutral in this review on this issue, and we
anticipate that the dependence of the synaptic changes
on the relative timings of pre- and post-synaptic spikes
and/or on the depolarization of the post-synaptic cell in
the models we describe, will be instrumental for better
implementing a rate-based Hebbian dynamics, having
the synapse autonomously Ômeasuring’ the rates on a
local (in time and space) basis. We will just touch upon
the biological plausibility of the speciﬁc models presented at the microscopic level.
In Section 7 we set the stage for the study of the
coupled, autonomous, ongoing dynamics of neurons
and synapses. We identify critical features aﬀecting the
Hebbian character of the synaptic models introduced in
the previous section. A number of constraints is then
listed, ensuring that the pattern of stable equilibrium
states available to the system is compatible with plausible learning scenarios. To this end, a mean ﬁeld approach is employed to guide the search of interesting
regions in the network’s state space.
In Section 8 we provide a working example of DMS
states autonomously forming in a simple stimulation
protocol, as a result of the coupled dynamics of neurons
and synapses, and use it as an illustration of general
features of the problem, and list critical requirements for
a Ôlearning trajectory’ to be successfully completed.
In Section 9 we brieﬂy mention a small subset of the
many open issues, and list some simpliﬁcation that
should be relaxed in order to come closer to experimental evidence.

2. Delay activity in experiments
Persistent enhanced spike rates have been observed
throughout the delay interval between two successive
visual stimulations in several cortical areas: after the
pioneering work by Fuster [7] and Niki [8], they have
been encountered in infero-temporal cortex (IT) [9–15],
in pre-frontal cortex (PF) [16–20] and in posterior
parietal cortex [21] (for reviews see [22–24]). The phenomenon is detected in single unit extra-cellular
recordings of spikes following, rather than during, the
presentation of a sensory stimulus. It has been found in
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primates trained to perform a delayed-response task, in
which the behaving monkey must remember the identity
or location of an initial eliciting stimulus in order to
decide upon its behavioral response. The pattern of
delay activity is considered a neural correlate of working
memory, which is related to the ability of the animal to
actively hold an item in memory for a short time. In fact,
lesions in IT and PF are known to produce impairments
in spatial and associative memory tasks [25,26], and
aﬀect recognition of an object after a delay in both
humans and monkeys.
We mention for completeness that diﬀerent types of
stimulus-speciﬁc delay activity have been observed (e.g.
in PF, see [28]) in tasks involving working memory, such
that the neurons’ ﬁring during the delay encodes a scalar
quantity characterizing the stimulus. This kind of delay
activity is left out in the models reviewed in the present
work (see e.g. [29]).
2.1. The experimental protocols
The features of the observed delay activity depend on
the area, on the experimental protocol and on the task
performed by the animal. The prototypical experimental
protocol used to investigate delay activity and working
memory is the delayed matching to sample (DMS) task.
A trial begins with a brief presentation of one visual
stimulus, the sample stimulus. After a delay of a several
seconds, a second image (match stimulus) is presented to
the animal which has to respond diﬀerently if the second
stimulus is identical to the sample or not (see e.g.
[11,12]). In some cases the stimuli are compound and the
monkey has to remember during the delay the individual
features of the compound stimuli (e.g. color or shape)
[9]. In one experiment [15], the sample stimulus is presented a random number of times, and the monkey has
to release a lever as soon as the sequence of sample
stimuli ends with the presentation of a diﬀerent stimulus.
There are also tasks in which multiple intervening
stimuli are presented between the sample and the
matching test stimulus [14,18].
In the experiments that involve PF recordings, the
tasks are designed to engage both spatial and object
memory. In the experiments of the Goldman-Rakic
group [16,17,19] the animal performs an oculomotor
delayed-response (ODR) task in which the location of
the stimulus has to be retained during the delay. The
monkey is required to ﬁxate a point while the sample
stimulus is presented. Following a GO signal, the
monkey has to make a saccadic eye movement to the
location of the sample stimulus. In one experiment [20],
the monkey was trained to remember both the location
and the identity of the stimulus. The trial starts with a
sample stimulus in the center of the screen. After a ﬁrst
delay (a ‘‘what’’ delay), two objects, one of which is the
sample, are presented simultaneously in two diﬀerent
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positions of the screen. Now the monkey has to identify
the matching stimulus and to remember ‘‘where’’ it is
during the following, last delay of the trial and to make
a saccade to the remembered location of the matching
object.
All these tasks require active memory, and can be
performed by the monkey also when novel stimuli are
presented. In [13], the authors trained the monkey to
perform the paired-associate learning test that is usually
adopted by clinical neuropsychologists to assess human
long-term memory. In a ﬁrst stage the monkeys learned
a set of pairs of computer generated pictures. In each
trial the sample stimulus is presented to the monkey,
and, after a delay of 4 s, the paired associate of the
sample and one from a diﬀerent pair are presented
simultaneously. The monkey is rewarded if it touches
the associate. The pair-association task clearly involves
long-term memory since the monkey has to retrieve the
other member of the pair associated with each sample
stimulus, and there is no way of performing the task by
using the information available in a single trial.
2.2. Features of the observed delay activity
The recorded delay activity has diﬀerent features
depending on the area. The delay activity phenomenology is much richer in PF than in IT, probably because
IT is the last exclusively visual area in the ventral
pathway. To illustrate the typical features of the delay
activity we show in Fig. 1 an example of cortical
recordings in IT while the monkey was performing a
DMS task. The main features of delay activity in IT are:
 The average spike frequency in the delay can be
stimulus selective and is highly reproducible: each
stimulus evokes a characteristic pattern of delay activity.
Usually a given neuron or neural population is selective
to one or a few visual stimuli (e.g. in [27] neurons with
selective delay activity respond on average to 5 out of 30
stimuli when abstract geometrical patterns are used as
visual stimuli). In IT there is no dependence on the
position, especially in anterior IT, where neurons tend to
respond to complex stimuli rather than to simple features [30].
 When stimuli are presented in a ﬁxed temporal
order, the delay activity pattern encodes in its spatial
structure the temporal association between stimuli: if
one neuron responds to a given stimulus (during the
stimulus presentation and during the delay), it usually
responds also to the neighboring stimuli in the temporal
sequence [12], even if the stimuli are visually unrelated
(see also Section 9).
 The typical selective rates in the delay interval are
around 10–20 sp/s, against a background spontaneous
activity a few spikes per second.
 The elevated rate distributions persist for very long
times (compared to the inherent time scales of single cell

Fig. 1. Stimulus-selective delay activity in infero-temporal cortex
during a DMS task. The animal is required to compare a sample
stimulus to a test stimulus which is presented after a delay of a few
seconds. The response of one cell to two diﬀerent familiar stimuli
(stimulus 24 and stimulus 14) is shown in the plot. The rasters show the
spikes emitted by the cell in diﬀerent trials, and the histogram represents the mean spike rate across all the repetitions of the same stimulus
as a function of time. The visual sample stimulus S triggers a sustained
delay activity in response to stimulus 14, but not to stimulus 24. The
information about the last stimulus seen is propagated throughout the
inter-stimulus interval, no matter whether the identity of the stimulus
has to be kept in mind or not to perform the task. Indeed the elevated
activity elicited by stimulus 14 is triggered also in the inter-trial
interval, between the test stimulus and the sample of the next trial,
where there is no need to hold in memory the identity of the last
stimulus seen (adapted from [27]).

dynamics), as long as 20 s [9]. The typical delays used in
the experiments are around 5 s (e.g. 6–20 s in [9], 0.5–5 s
in [15], up to 16 s in [11,12], 4 s in [13], 4–8 s in [27,31]).
 The pattern of delay activity reﬂects the last stimulus seen. Intervening stimuli disrupt the delay activity
[14].
 When unfamiliar stimuli are used (e.g. computer
generated geometrical pictures), many repeated presentations of the same stimuli are needed before selective
delay activity appears [32]. Unfamiliar stimuli have
never been observed to evoke delay activity [12]. Hence
stimulus selectivity in IT seems to be acquired through
training [33] and the learning process is slow. In other
areas learning might be faster, but still requires tens of
presentations. For instance Erikson and Desimone report in [34] that reaching a performance of 85% in a
pair-associate task requires on average 30 presentations
per pair. Whether this level of performance is related to
the formation of delay activity somewhere in the cortex
is still unclear.
 There is no correlation between the erroneous response and the absence of delay activity in DMS tasks.
In [15] the authors compared the ﬁring rate during the
ﬁnal delay period in correct trials, to the one during the
delay period just before the erroneous response and no
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clear diﬀerence was detected. Another indication that
delay activity is not necessary to perform the DMS task
comes from the previous point in this list: no delay
activity was observed for novel stimuli but the monkey
was able to perform well anyway. These considerations
do not rule out the hypothesis that the delay activity
observed in IT is actually used to compare the sample
and the test stimulus. The only conclusion that can be
drawn is that some other mechanism, probably located
in other areas, is certainly involved to perform the DMS
tasks.
 Delay activity is mechanistic: in DMS tasks it is
automatically evoked by any familiar visual stimulus,
including the test stimulus that has not to be retained in
memory to perform the task. Hence delay activity is not
linked by the task and the information about the identity of the test stimulus can be propagated up to the
presentation of the sample stimulus of the next trial,
surviving the reward phase and long inter-trial intervals
in which the monkey is not ﬁxating the screen [27]. This
phenomenology suggests a possible role of delay activity
in IT: it is the best candidate to preserve actively the
memory of events that are separated in time and hence it
might provide a simple mean by which temporal sequences and context dependent memories can be encoded in IT [12,27].
 In one of the experiments [15], the delay activity
evoked by partial stimuli was studied. The ﬁring elicited
by a limited portion of the sample stimulus was comparable with that elicited by the original sample stimulus. It is not described what happens to the visual
response during the presentation of the partial stimulus.
In another experiment [31], when familiar visual stimuli
are progressively degraded by superposing Gaussian
noise to the visual stimulus, the visual response changes
gradually while the evoked delay activity remains unchanged up to some level of degradation and then suddenly disappears for practically unrecognizable visual
stimuli.
 In a few cases elevated delay activity was observed
also when the sample stimulus did not elicit any visual
response [13].
 The percentage of recorded cells that exhibited
selective delay activity depends on the number of stimuli
presented and is usually low. Furthermore those cells
tended to be localized in remarkably restricted areas [32].
The phenomenology in PF cortex is richer and more
complex. Relevant features of the recorded cells exhibiting delay activity are:
 The delay activity is selective either for position or
for objects. In [20] it is shown that there are cells which
are selective for both. When spatial information is encoded, a continuous spectrum of patterns of localized
persistent activity is observed. Each pattern represents a
speciﬁc position which is an inherently analog variable
(see [24] for a review).
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 The sample-selective delay activity is maintained
throughout the trial even when other test stimuli intervened during the delay [18].
 The activity observed in the delay is present also in
the inter-trial interval and it is not related to eye
movements or to any other observable behavior that
followed the test stimulus [19].
 The delay activity is either truncated or totally
absent on erroneous trials in experiments in which the
monkey has to perform an oculomotor delayed-response
task [16].
 The percentage of cells with selective delay activity
is higher than in IT, but the duration of the persistent
activity might be shorter. In [19] the monkey has just to
maintain ﬁxation of the visual stimulus and the delay
activity lasted up to 2.6 s. It is not clear in the other
cases because the delays are usually shorter than 2 s. In
one experiment [16] the monkey performed an oculomotor delayed-response task with delays up to 6 s and
the delay activity was observed to persist throughout the
whole delay interval.

3. The attractor picture
The experimental ﬁndings of the DMS experiments
have been interpreted as an expression of an attractor
dynamics in the cortical module: a comprehensive picture has been suggested which connects the pattern of
delay activity to the recall of memory into an active state
[1]. It is mainly inspired by the results of the DMS
experiments in IT, but the same principle can be probably exploited for explaining the entire delay activity
phenomenology described in the previous section.
The collective character is expressed in the mechanism by which a stimulus that had been previously
learnt, has left a synaptic engram of potentiated excitatory synapses connecting the cells driven by the stimulus. When this subset of cells is re-activated by a
sensory event, they cooperate to maintain elevated ﬁring
rates, via the same set of potentiated synapses, after the
stimulus is removed. In this way, the cells in each group
can provide each other, with an aﬀerent signal that
clearly diﬀerentiates the members of the group from
other cells in the same cortical module.
The collective nature of the pattern of delay activity is
related to its attractor property. Since many cells
cooperate, the pattern of delay activity is robust to
stimulus ‘‘errors’’, i.e. even if a few cells belonging to the
self-maintaining group are absent from the group initially driven by a particular test stimulus, or if some of
them are driven at the ‘‘wrong’’ ﬁring rates, once the
stimulus is removed, the synaptic structure will reconstruct the Ônearest’ distribution among elevated activities
of those it had learned to sustain. The reconstruction
(the attraction) will succeed provided the deviation from
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the learned template is not too large. All stimuli leading
to the same pattern of delay activity are in the same
basin of attraction. Each of the stimuli repeatedly presented during training creates an attractor with its own
basin of attraction (see e.g. [1,4,5]). In addition, the
same module can have all neurons at spontaneous
activity levels, if the stimulus has driven too few of the
neurons belonging to any of the stimuli previously
learned.
Whether this attractor dynamics is localized in a
speciﬁc area or it requires complex excitatory circuits
that involve diﬀerent cortical or sub-cortical (e.g. thalamic) areas is still debated. The delay activity in a given
area might be a mere reﬂection of the persistent activity
localized in a diﬀerent area and might not necessarily
take part in the attractor dynamics. However there is
accumulating evidence that the delay activity in IT is
aﬀected by top-down inputs coming e.g. from PF cortex
[35]. Less direct evidence is available for interactions
through the sub-cortical pathway [23]. It seems a reasonable working hypotheses to assume that the principles underlying attractor dynamics do not change much
if the delay activity is the result of the interaction of
several cortical modules.
3.1. Experimental evidence for the attractor picture
In the framework outlined above the observed delay
activity is not a single neuron property but a result of
the interaction of a large number of neurons. For IT two
strong arguments support this view:
• When the delay activity is stimulus selective there is a
strong positive correlation between the visual response and the delay activity in the following interstimuli interval, when the average activity for each
stimulus is considered. However, the correlation between the activity during the presentation of the sample stimulus eliciting the maximal response in the
delay and the inter-stimuli interval delay activity on
a trial-by-trial basis is much weaker. In fact, the visual response and the activity in the last second of
the inter-stimuli interval are generally uncorrelated
[27,31]. Although the delay activity immediately following a speciﬁc stimulus depends on the magnitude
of the visual response, which can vary from trial to
trial for diﬀerent reasons, the ﬁnal level of delay activity (a few seconds later) is constant. This supports the
suggestion that the delay activity is a result of the
neural network properties, rather than a change in
the state of the single neuron alone, triggered by the
visual response.
• When the visual stimulus is degraded [31] or partially
obscured [15], the internal representation during the
stimulation can vary dramatically but the delay activity response remains unchanged provided that the vi-

sual stimulus is still recognizable. This strongly
supports the idea that the delay activity pattern is
the result of the cooperation of a large number of
interacting diﬀerent cells.

4. Dynamics of networks of model neurons with ﬁxed
synapses
In this section we (i) introduce the family of Ôintegrate-and-ﬁre’ (IF) neurons, workhorses of a large part
of modelling studies so far, (ii) brieﬂy describe the
dynamics of IF neurons with randomly ﬂuctuating input, (iii) formulate the Ômean ﬁeld’ approach to the
equilibrium states of a population of interacting IF
neurons, (iv) deﬁne a prototype network architecture
involving excitatory and inhibitory synaptic couplings,
and selectively long-term potentiated and depressed
synapses.
Most of the discussion will be based on the approach
initiated in [5,36,37].
We brieﬂy remind the essential features of the model
neuron (for extensive reviews see [38,39]). IF neurons
are one-compartment, point-like models, and the state
of the neuron is completely described at each time by the
instantaneous value of its membrane depolarization V .
The time evolution of V is given by
C V_ ¼ LðV ; tÞ þ IðtÞ

ð1Þ

where LðV ; tÞ is a leakage term embodying the action of
the ion channels restoring the rest membrane potential
in the absence of aﬀerent current and IðtÞ is the total
aﬀerent current to the neuron. Frequently used forms
for LðV ; tÞ include the LðV ; tÞ ¼ V =R (leaky IF neuron,
R is the membrane resistance and s ¼ RC is the membrane time constant) and LðV ; tÞ ¼ b (linear IF neuron,
b constant). The two forms produce similar collective
behavior if a rigid lower bound to the depolarization of
the linear IF neuron is imposed [40]. The IF neuron
dynamics is complemented in both cases by the condition that when V reaches the emission threshold h a
spike is generated, V is reset to a prescribed value H and
further spikes emission is prevented for the duration of
the absolute refractory period sr , no matter how strong
IðtÞ. The aﬀerent current IðtÞ has an external and a
recurrent component. All neurons in the network get
external excitatory input, to be interpreted as a nonspeciﬁc background external activity or serving as a
coding of incoming external stimuli. Spikes continuously exchanged among the neurons inside the network
constitute the recurrent part of the current; in the simplest case the recurrent aﬀerent current is described as
a series of impulses, each one depolarizing (EPSP––
excitatory post-synaptic potential) or hyperpolarizing
(IPSP––inhibitory post-synaptic potential) the membrane of the receiving neuron depending on the excit-
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atory or inhibitory nature of the emitting neuron. We
consider only fast synaptic conductances (AMPA mediated for excitatory neurons and GABAA mediated for
inhibitory neurons) and we assume that the details of the
conductance dynamics can be neglected. This is usually
a good approximation for fast synaptic conductances.
Slow synaptic conductances (NMDA) might play an
important role in making the selective delay activity
more stable and they have been hypothesized to be a
fundamental element when the attractor corresponding
to a given stimulus survives the presentation of distractors in PF [18,41]. See [24] for a synthetic explanation of the basic mechanism and for a review of
papers that discuss the role of slow synaptic currents.
The eﬃcacy of the synapse connecting two given
neurons equals the amount of EPSP or IPSP provoked
by the spikes transmitted. Consistently with prevailing
biological evidence, synaptic eﬃcacies are assumed to be
a small fraction of the allowed range of values for V . In
the simplest case the total aﬀerent current due to the
spikes emitted by pre-synaptic neurons is:
IðtÞ ¼

X
j

Jj

X

ðkÞ

ðkÞ

dðt  tj  dj Þ

is chosen at the beginning by performing for each neuron a random selection of its pre-synaptic contacts).
Sparse connectivity (small probability of shared input), together with small synaptic eﬃcacies, allows to
assume that the spikes impinging on each neuron are
many and statistically independent events, and a mean
ﬁeld approach can be formulated.
In the approximated, Ômean ﬁeld’ (MF) approach, the
network is partitioned in ‘‘populations’’ of neurons, all
neurons in a population sharing the same statistical
properties of the aﬀerent currents, and ﬁring spikes
independently at the same rate. Fig. 2 illustrates the
architecture of the model.
In this theoretical framework, the single neuron
transfer function (providing the output rate as a function of the average input current) is turned into a
‘‘population transfer function’’ U: l and r2 [5] are then
expressed in terms of the rates of the corresponding
populations (including external neurons), and the set
of stationary, self-reproducing rates for the diﬀerent populations are found by solving a set of coupled

ð2Þ

k

where J is the synaptic eﬃcacy, j labels the pre-synaptic
ðkÞ
neurons, tj is the time the kth spike is emitted by the jth
ðkÞ
pre-synaptic neuron and dj the corresponding transmission delay. All the types of synaptic couplings EE, II,
EI, IE are present, EE being the only plastic ones (E:
excitatory, I: inhibitory).
Due to the various sources of irregularities in the
network in typical conditions, the total aﬀerent current
can be described as a stochastic, Gaussian driving signal,
such that V ðtÞ is itself a Gaussian stochastic process.
Then, a transfer function can be deﬁned and computed
for the neuron, giving the mean output neuron frequency mout as a function of the mean l and variance r2
of the aﬀerent current IðtÞ. This function can be computed analytically for both the linear [40] and the leaky
IF neurons [42]. In the case of the linear IF neuron U
has a particularly simple form:
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 hH
r2  2lh
2lH
m ¼ sr þ 2 e r2  e r2 þ
l
2l

1
ð3Þ

Interestingly this function contains all the single neuron
properties that are relevant when the neuron is embedded in a network of interacting cells [36,43]. Such a
function has been measured for cortical cells in vitro and
turned out to be well described by the theoretical
transfer function of both IF models [44].
The pattern of connectivity is chosen to be sparse
(each neuron receives spikes from a small fraction of the
other neurons in the network) and random, but ﬁxed (no
geometry is imposed on the connectivity pattern, which

Fig. 2. Schematic illustration of the network’s architecture. Blobs
represent diﬀerent populations in the network: Inhibitory (I) neurons
(dark gray blob), excitatory (E) neurons which are never stimulated
(Ôbackground’, light gray blobs), neurons that, because of the formation of a stimulus-speciﬁc synaptic structure, are selective to diﬀerent
stimuli (two stimuli in the ﬁgure; white blobs). The sets of selective
neurons are assumed to be disjoint in the ﬁgure, being the associated
stimuli uncorrelated. In the general case selective blobs overlap, owing
to neurons shared by internal representations of diﬀerent stimuli.
Thick arrows indicate potentiated synapses (Jp ), connecting neurons
coding for the same stimulus. Medium weight arrows indicate synapses
which do not undergo modiﬁcations with respect to the initial state
(JEE ), connecting background neurons among themselves, and background neurons to selective ones. Thin arrows stand for depressed
synapses (Jd ), assuming a homosynaptic kind of LTD (i.e. synapses get
depressed for highly active pre-synaptic neurons and low activity postsynaptic ones); they connect selective neurons to the background, and
neurons selective to diﬀerent stimuli to each other. Synapses from (JEI )
and to (JIE ) inhibitory neurons are depicted as dashed lines. External
neurons interact with the network via the synaptic couplings JI;ext and
JE;ext , and are assumed to be excitatory.
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self-consistency equations, which for a single population
reduces to
m ¼ UðlðmÞ; r2 ðmÞÞ  UðmÞ:

ð4Þ

In practice, to solve the above ﬁxed point equation(s)
one generates a ﬁctitious dynamics which generates an
iterative process that converges to the solution. A typical choice for the ﬁctitious dynamics is one following the
gradient of U.
Fig. 3 illustrates how the solutions of Eq. (4) depend
on the average synaptic coupling in a given sub-population: starting from a low-coupling situation in which
the only available ﬁxed point is one of low rate, spontaneous activity, increasing (excitatory) couplings bend
the transfer function, up to the point in which it gains
two more solutions of the self-consistency equations (4).
The upper ﬁxed point corresponds to the selective state
with enhanced rate.
Given a ﬁxed point m solving Eq. (4), it is relevant to
assess its stability, i.e. its property of being restored
following a small perturbation.
If one could solve the dynamic equation for the system, the explicit time-dependent solution would be used
of course to assess the stability. This is often not the
case, and one has to resort to approximated strategies.
One popular choice, to be checked a posteriori through
simulations, is to use the ﬁctitious dynamics introduced
above to assess the system’s stability.
Following this approach it is easy to conclude that
the white circles in Fig. 3 correspond to stable ﬁxed
points, while the middle ﬁxed point is unstable. U0 < 1 is
the stability condition for the excitatory population. It
has also been recognized in several works [45–50] that a
proper treatment of the network behavior near the ﬁxed
point requires the formulation of the actual (mean ﬁeld)
dynamics. In particular it was shown in [50] how U0 ðm Þ

enters in a simple way the description of the dynamics
near a ﬁxed point for a single neural population (which
is a good approximation for low enough coding level f ).
For a given network’s architecture, and number and
coding level of aﬀerent stimuli, the set of rates solving
the MF equations are functions of the average synaptic
eﬃcacies, depending on which we might have only low
rate, Ôspontaneous’ states for all the populations (the
lowest white circle in Fig. 3), or those might coexist with
higher rate, stimulus selective states (the highest white
circle). 2
We can depict the underlying dynamical scenario as
an essentially quiescent network in a Ôspontaneous’ state
(all neurons ﬁring at very low rates) in the absence of
stimulation, then the extra current pumped by an
incoming stimulus temporarily makes a sub-population
of neurons increase their rates by a large amount; after
releasing the stimulus, depending on the structure of the
synaptic couplings, the network can relax back to the
spontaneous state, if this is the only one available,
covering with its basin of attraction the whole network
state space; or, if a stimulus selective, collective state is
also available as an attractor of the network’s dynamics,
the stimulation just released might have pushed the
network’s state over the barrier separating the spontaneous and the selective attractor, and the network ends
up in the selective state. In Fig. 4 is shown how a simulation of a network of IF neurons with structured
synaptic couplings reproduces such a scenario.
Another possible implication of the potentiation of
excitatory couplings is suggested in [50]: the more
potentiated the excitatory synapses, the faster the network reaction to a stimulus. Fig. 5 shows the theoretical
prediction [50] for the transient response of an excitatory population which, starting from a spontaneous
stable state of low emission rate, undergoes a sudden
jump in its external input, providing an high emission
frequency response. For the same initial and ﬁnal
asymptotic average emission rate, higher average excitatory couplings entail quicker response, and faster
damping of the oscillations. If conﬁrmed in more realistic scenarios, this eﬀect could be related to experimental indications of a reduction in the visual response
latency following training [34].

5. Realistic learning prescriptions
Fig. 3. Population transfer functions Uðmin Þ (¼ mout ) and ﬁxed points
(self-reproducing rate states) of a stimulus-selective neuron subset
before and after learning. Solid curves are Uðmin Þ before (light gray)
and after (dark gray) the recurrent coupling potentiation: When Jp
increases the same min drives more excitatory current, amplifying the
output spike emission rate mout . Fixed points are such that mout ¼ min
(the self-consistency equation), the intersection of min (dashed line) and
the transfer functions: White circles are for stable states, dark circle for
the unstable one.

The suitable synaptic structure for sustaining a large
number of patterns of delay activity is learnt automatically and is likely to be an expression of the synaptic
dynamics. Before going into the details of a realistic

2
For the many population case, there have been attempts to derive
an eﬀective, single-population transfer function [51].
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Fig. 5. Transient responses to a stepwise stimulation of an excitatory
population, for two diﬀerent coupling strengths. The theoretically
predicted spike emission rate dynamics of the population with weak
(thin line) and strong (thick line) synaptic coupling is shown (adapted
from [50]).

Fig. 4. Stimulation of persistent delay activity selective for a familiar
stimulus in a simulation of interacting spiking neurons with synaptic
coupling structured as in Fig. 2. The raster plot (A) shows the spikes
emitted by a subset of cell in the simulated network grouped in subpopulations with homogeneous functional and structural properties:
The bottom ﬁve strips contain the spike traces of neurons selective to
ﬁve diﬀerent uncorrelated stimuli; In the upper strip is shown the spike
activity of a subset of inhibitory neurons and in the large middle strip
several background excitatory neurons. (B) The emission rates of the
selective sub-populations are plotted: The activity of a population is
given by the fraction of neurons emitting a spike per unit time. The
population activity is such that before the stimulation all the excitatory
neurons emit spikes at low rate (global spontaneous activity) almost
independently of the belonging functional group.

synaptic dynamics we consider a wide class of biologically plausible prescriptions for updating the synaptic
eﬃcacies. The general conclusions we will be able to
draw from a very limited number of reasonable and
simple assumptions will provide the guidelines for
designing a detailed model of synaptic dynamics (see [52]
for a more detailed review).
During the presentation of each stimulus, a pattern of
activities is imposed onto the network and each synapse
is updated to encode the information carried by the preand the post-synaptic neuron. It is reasonable to assume
that each synapse sees only the activities of the two
neurons it connects (locality in space) and that the interstimuli intervals can be so long that the activity read by
the synapse does not depend on the past history and
hence that the updating can be performed only on the

basis of the stimulus currently presented (locality in
time). As for the structure of the synapse, it is reasonable to assume in general that all the internal variables
describing the synaptic state are bounded and that longterm modiﬁcations of the synaptic internal variables
cannot be arbitrarily small, regardless of the details of
the synaptic model.
5.1. The palimpsest property: a tight constraint on storage
capacity
Under the above general assumptions, any network
of neurons exhibits the Ôpalimpsest’ property [53–56]: old
stimuli are automatically forgotten to make room for
the most recent ones. The memory span is limited to a
sliding window containing a certain number of stimuli
that induced synaptic modiﬁcations. Within this window, recent stimuli are best remembered while stimuli
outside the memory window are completely forgotten.
The width of the sliding window depends on how many
synapses are changed following each presentation: if this
number is small the patterns (stimuli) to be learnt have
to be presented many times (slow learning) but eventually the memory resources are equally distributed among
the diﬀerent stimuli.
If the number of synapses that are modiﬁed upon
each presentation is large the network learns quickly but
the memory span can be so limited that it might compromise the functioning of the network as an associative
memory [52,56]. In fact it can be proven that the maximum number p of random uncorrelated patterns that
can be stored in the synaptic matrix scales at most as:
pmax ¼ kðr; sÞ log N
where N is the number of neurons in the network and k
is a constant (i.e. not dependent on N ) that depends in a
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complicated way on r, i.e. the ratio between the minimal
long-term modiﬁcation that can be induced and the full
range in which the internal synaptic variable varies, and
on s, i.e. the mean fraction of synapses that are changed
upon each stimulus presentation. r depends on the
inherent synaptic dynamics, while s depends on the
statistical structure of the patterns to be encoded (for
more details see [52]). kðr; sÞ is a monotonic function of r
and s and tends to inﬁnity when r or/and s go to 0 in the
limit N ! 1.
This constraint is extremely tight and very general
and makes the network a very ineﬃcient associative
memory. If one of the parameters on which r or s depend becomes N -dependent then it is possible to extend
dramatically the memory span. For instance if the
number of possible synaptic states increases with N (as
in the case of the Hopﬁeld model [4]), k provides an
extra N -dependent factors which in some cases destroy
the palimpsest behavior. In those cases the storage
capacity is mainly limited by the interference between
the memory traces of diﬀerent stimuli, and not by
memory fading. For a wide class of models, as soon as
the maximum storage capacity is surpassed, the network
suddenly becomes unable to retrieve any of the memorized patterns. This is also known as the blackout
catastrophe (see e.g. [57]) and in order to prevent it, one
has to stop learning at the right time, or the network
must be able to forget [53]. Hence the palimpsest
property, if forgetting is not too fast, can be a desirable
feature of the learning process.
5.2. Back to the optimal storage capacity: the stochastic
selection mechanism
Decreasing the fraction of synapses that are changed
upon each presentation can increase dramatically the
memory span. Depending on the statistical properties of
the patterns, the network can acquire enough information about them by updating only a fraction of the synapses eligible for a change according to the learning rule.
What the network needs is a mechanism that selects
which synaptic eﬃcacies have to be changed following each stimulation. In the absence of an external
supervisor that could perform this task, a local, unbiased
mechanism could be stochastic learning: at parity of
conditions (activities of the pre- and post-synaptic neurons) the long-term changes are induced with some
probability. This means that only a fraction a synapses,
randomly chosen among all eligible connections, are
changed upon the presentation of a stimulus. In this case
the number of internal states of the synapse that are
stable on long time scales can be reduced to the extreme,
and even networks of neurons connected by bistable
synapses can perform well as associative memories. To
illustrate how stochastic learning works we will study the
simple case of bistable synapses in the following section.

5.3. The three basic ingredients of learning rules for autoassociative memories
In the case of a bistable (or a multi-stable) synapse
the learning process can be seen as a random walk
among the stable states. This kind of stochastic learning
has been studied analytically and extensively in
[55,56,58–60]. We assume here that the synapse has only
two stable states, corresponding to two eﬃcacies:
J 1 ¼ 0; J 2 ¼ J . Each stimulus selects randomly a mean
fraction f of neurons and drives them to a state of elevated activity, the same for all the active neurons. In
order to estimate the retrievable memory trace of the
oldest stimulus presented (n1 ) we introduce the classical
signal-to-noise ratio (see e.g. [57]): the signal S expresses
the distance between the distribution of the total synaptic input across all neurons that should be active, and
the corresponding distribution across the neurons that
should stay quiescent when the pattern of activity n1 is
imposed to the network. Quantitatively S is deﬁned as
the diﬀerence between the averages of these two distributions. The noise R represents the mean width of the
two distributions. High S=R would allow the network to
retrieve from memory the pattern of activity n1 that is
embedded in the synaptic matrix and to make it a stable
point of the collective dynamics (see e.g. [57]).
The synaptic updating rule is as follows: assuming for
the sake of clarity that the neurons can only be in an
Ôactive’ (high spike rate, 40–60 Hz) or Ôinactive’ state
(spontaneous ﬁring rate, 1–5 Hz), when the two neurons
connected by the synapse are both active, the synapse
makes a transition to the potentiated state with probability qPAA and a transition to the depressed state with
probability qD
AA . The other possible transitions occur
with probabilities denoted with a similar notation (e.g.
qD
IA is the probability that depression occurs when the
pre-synaptic neuron is active and the post-synaptic
neuron is inactive).
For such a system, after the presentation of p patterns, the signal corresponding to the oldest (and hence
with weakest memory trace) pattern is [52,56]:
D
S ¼ Jf kp1 ½ð1  c0 ÞðqPAA  qPIA Þ þ c0 ðqD
IA  qAA Þ

ð5Þ

where c0 is the initial fraction of potentiated synapses
and k is:
2
P
D
P
k ¼ 1  ðqPAA þ qD
AA Þf  ðqIA þ qIA þ qAI
P
D
þ qD
AI Þf ð1  f Þ  ðqII þ qII Þð1  f Þ

2

ð6Þ

which is essentially 1 minus the sum of all the transition
probabilities, each multiplied by the corresponding
probability of occurrence of a speciﬁc pair of activities
(e.g. the probability of having that both pre- and postsynaptic neurons are active is f 2 ). The interference noise
term depends mostly on c1 , the asymptotic fraction of
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potentiated synapses that one would get after an inﬁnite
number of presentations of diﬀerent stimuli [56]:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f
R  J c1
N
where N is the number of neurons in the network. From
the analysis of the expression of the signal-to-noise ratio
one can identify at least three ingredients that characterize in general this class of updating rules:
(1) The palimpsest property expressed by the power-law
decay of the memory trace (the kp1 factor in the signal): new stimuli use resources that had been previously allocated for other stimuli, and, in doing so,
erase the memory trace of the oldest stimuli. The
forgetting rate depends on the statistics of the stimuli and on the transition probabilities of the synapse.
In particular the network forgets fast when learning
is quick (large transition probabilities, and hence,
small ks) and when the patterns are highly overlapping (high f ). The memory span increases when
learning is slow and the patterns are weakly overlapping.
(2) The memory trace left by each stimulus presentation
(the signal without the memory decay factor): it represents the way the synapse encodes the activity of
the pre- and the post-synaptic neuron. It depends
also on the initial distribution c0 of the synaptic
states. If most of the synapses are close to saturation, then the main contribution to the signal comes
from those synapses which are depressed when the
pre-synaptic neuron is active and the post-synaptic
neuron is inactive (qD
IA ). Otherwise, the Hebbian
term (qPAA ) dominates.
(3) The interference between memory traces corresponding to diﬀerent stimuli (the noise R): the simultaneous presence in the synaptic matrix of memory
traces corresponding to diﬀerent patterns within
the memory span generates noise that might prevent
the system from recalling correctly the stored patterns. For uncorrelated patterns, when the transition
probabilities and the fraction f ofp
active
ﬃﬃﬃﬃ neurons are
small, the noise goes to zero as 1= N and is proportional to the asymptotic fraction of potentiated synapses c1 , which in turn depends on the balance
between the mean number of upwards and downwards transitions.
From the ﬁnal expression of the signal-to-noise ratio
it is clear that the most eﬃcient way of storing patterns
of activities is obtained when the Hebbian term qPAA
dominates over qPIA , the transition probabilities are low
(k  1) and the coding level f of the stimuli tends to
zero with N . The transition probabilities should scale in
such a way that all the terms in k tend to zero with f at
the same rate as qPAA f 2 (e.g. qPIA  qPAA f ) or faster. This
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would correspond to a scenario in which learning is
slow––i.e. the stimuli have to be repeatedly presented to
the network in order to be learnt––and the updating
rule ensures the balance between the mean number of
potentiations and the mean number of depressions. In
such a case the network performs extremely well as an
associative memory (e.g. it recovers the optimal storage
capacity in terms of information that can be stored in
the synaptic matrix), even if the synaptic eﬃcacy is bistable. The number of diﬀerent patterns that can be
stored and retrieved from memory without errors can be
2
as large as N 2 =ðlog N Þ , if the mean fraction f of active
neurons scales as log N =N [56]. Slow learning allows
also automatic prototype extraction from a class of
stimuli that evoke similar, correlated patterns of activity
[60,61].

6. Synaptic dynamics
Stochastic learning rules solve the problem of fast
forgetting and allows for an eﬃcient storing of the
information about the statistical structure of the patterns. The stimuli can be retrieved without errors for a
wide class of neural dynamics and this guarantees the
stability of the patterns of activity that represent the
delay activity. However, to proceed further, it is important to have a detailed model that provides a link between
the transition probabilities and the synaptic dynamics
driven by the neural activities. This implies the identiﬁcation of the source of noise which drives the stochastic
selection mechanism. The solution we propose is suggested by the analysis of cortical recordings: the spike
trains recorded in vivo are highly irregular (see e.g. [62])
and the inter-spike interval variability can be exploited
by the synapse to achieve stochastic transitions in a fully
deterministic synaptic model.
6.1. The threshold mechanism
We now introduce a class of spike-driven synaptic
dynamics that allow for stochastic learning. The most
important ingredient is the existence of a threshold
mechanism for consolidating a memory change only in
a fraction of the cases in which the synapse would be
eligible for long-term modiﬁcation on the basis of the
pre- and post-synaptic activity. For the sake of simplicity, we assume that the synaptic dynamics is described in terms of a single internal variable X ðtÞ. If
there is more than one variable describing the synaptic
dynamics, then what follows applies to at least one of
the internal variables, i.e. there must be at least one
threshold mechanism which decides when the changes
of any other variable become permanent. X is restricted to the interval ½0; 1 and, inside this interval,
obeys:
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dX ðtÞ
¼ aHðX ðtÞ þ hX Þ þ bHðX ðtÞ  hX Þ þ T ðtÞ;
dt
ð7Þ
where H is the Heavyside function (it is 1 when the
argument is positive, 0 otherwise). The ﬁrst two terms
make the upper and the lower bound the only two stable
states of X when T ðtÞ, the stimulus driven learning term,
is 0. The internal state decays at a rate a to the lower
bound X ¼ 0 when X < hX . Otherwise X is attracted
towards the upper bound X ¼ 1 with a constant drift b.
The importance of an internal threshold hX for the
synaptic dynamics is at least twofold: it stabilizes
memory by ignoring all the ﬂuctuations that do not
drive the internal state across the threshold and provides
a simple mechanism that allows the neural activity to
select which synapses are to be modiﬁed as we will see in
the next section. This mechanism is so simple and robust
that it can be readily implemented in analog VLSI
[63,64]. The same, simple VLSI recurrent networks
proved able to produce, even for deterministic external
currents, highly irregular patterns of activity, suited to
sub-serve a stochastic synaptic dynamics [64–66].
6.2. The learning term
The learning term determines in which direction the
synapse is modiﬁed and must depend on dynamic variables related to the mean rates (the quantities to be
encoded and stored in the synaptic matrix) of the two
neurons connected by the synapse. We assume that the
mean frequency produced by the stimulus contains all
the needed information. Here we discuss two possible
alternatives that have been investigated in the past years.
6.2.1. Dependence on the post-synaptic depolarization
The most classical recipe to induce LTP is the following: the post-synaptic neuron is strongly depolarized
and a current is injected in the pre-synaptic neuron,
causing it to emit a high frequency burst (see e.g. [67]).
The protocols for inducing LTD are diverse and controversial but, again, they depend on how much the
post-synaptic neuron is depolarized (a good review can
be found in [68]). Here we introduce a proper dependence on the post-synaptic depolarization to achieve the
scheme of modiﬁcations summarized in Section 5.3.
Each pre-synaptic spike triggers a temporary modiﬁcation in the synaptic variable if the synaptic threshold is
not crossed. The direction of the modiﬁcation depends
on the instantaneous depolarization of the post-synaptic
neuron Vpost ðtÞ. The jump is upwards (X ! X þ a) if the
depolarization is high (Vpost > VH ), downwards if the
depolarization is low (Vpost < VL ). As we will see in
Section 6.2.2 the distribution of the sub-threshold
depolarization determines the mean ﬁring frequency of
the post-synaptic neuron and the probability of ﬁnding

the post-synaptic neuron in a high depolarization state is
in general a monotonic function of the spike frequency.
Two examples of synaptic dynamics under stimulation
are illustrated in Fig. 6. Such a model synapse has been
introduced in [63] and then studied in [69].
6.2.2. Encoding mean rates by reading depolarization
The depolarization of the post-synaptic neuron is
indirectly related to the spike activity. Actually a single
reading of the instantaneous depolarization does not
contain much information about the post-synaptic mean
rate. However the required information is distributed
across several neurons that are driven to the same
activity by the stimulus. This means that even a single
instantaneous reading of the depolarization of a population of cells contains all the information about the
mean spike rate and many other statistical properties of
the activity of these neurons.
The probabilities of occurrence Qa and Qb of the
temporary up and down regulations respectively control
the direction in which the synapse is modiﬁed by the
activity of the pre- and post-synaptic neurons. These
probabilities depend on the statistics of the depolarization of the post-synaptic neuron under stimulation and
can be calculated analytically when the model of the
neuron is simple. Here we focus on the simple model of
an integrate-and-ﬁre neuron [40] introduced in Section
4. If such a neuron is injected a Gaussian current
characterized by its mean l and its variance r2 , the
stationary distribution of the depolarization pðvÞ has a
simple expression and is given by [40,52,63]:


2l
mh
pðvÞ ¼ Hðv  H Þ 1  er2 ðhvÞ
l
 2l
 2l i
2l
þ HðH  vÞ er2 H  er2 h er2 v
where m is the mean ﬁring frequency given by Eq. (3). Qa
and Qb are given by the integral of pðvÞ in the interval
½VH ; h and ½0; VL respectively. It is straightforward to
compute these integrals analytically.
l and r characterize the synaptic input and depend
on the network interactions. We assume that mpost is
changed by increasing or decreasing the average spike
frequency of a sub-population of pre-synaptic neurons
[63]. If the recurrent feedback of the post-synaptic
neurons does not aﬀect much the network activity, then
the parameters of the input current move along a linear
trajectory in the ðl; r2 Þ space. We chose l as an independent parameter, and r2 ¼ J l þ K. In a network of
excitatory and inhibitory neurons, for which in a spontaneous activity state the recurrent input is chosen to be
as large as the external input, we have that J ¼ JEE (the
average coupling between excitatory neurons) and
K ¼ mI0 NI JEI ðJEI þ JEE Þ, where m0 is the spontaneous
activity of the NI inhibitory neurons that are projecting
to the post-synaptic cell (mean coupling JEI ). Qa is
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Fig. 6. Stochastic LTP: pre- and post-synaptic neurons ﬁre at the same mean rate and the synapse starts from the same initial value (X ð0Þ ¼ 0) in both
cases illustrated in the left and the right panel. In each panel are plotted as a function of time (from top to bottom): the pre-synaptic spikes, the
simulated synaptic internal variable X ðtÞ and the depolarization V ðtÞ of post-synaptic neuron (note that VL ¼ VH ). Left: LTP is caused by a burst of
pre-synaptic spikes that drives X ðtÞ above the synaptic threshold; Right: at end of stimulation, X returns to the initial value. At parity of activity, the
ﬁnal state is diﬀerent in the two cases (the ﬁgure is reproduced from [63]).

Fig. 7. Mean spike rate vs the distribution of the depolarization V . Left: Distribution pðvÞ as a function of the post-synaptic frequency mpost . For each
mpost the parameters l; r characterizing the input current are calculated as explained in the text. l; r determine the sub-threshold distribution of the
depolarization that is plotted here. The white lines over the surface are drawn in correspondence of V ¼ VL and V ¼ VH , the thresholds that determine
the direction of the temporary synaptic modiﬁcations. Note that here the reset potential H coincides with VH . Right: Probability of occurrence of
upwards (Qa ) and downwards (Qb ) jumps upon the arrival of a pre-synaptic spike for diﬀerent post-synaptic activities. Qa is the integral of pðvÞ
between the white line corresponding to VH and the threshold. Analogously, Qb is the integral of pðvÞ between the resting potential (V ¼ 0) and VL . As
the post-synaptic activity increases, the peak of the distribution pðvÞ moves from the resting potential to the reset potential H. As a consequence, Qa
increases and Qb decreases (the ﬁgure is reproduced from [70]).

plotted in Fig. 7. As the external stimulus increases mpost ,
the distribution of the depolarization V changes in such
a way that Qb decreases and Qa increases.
To illustrate the stochastic nature of the learning
mechanism, we assume that the pre-synaptic spike train
is Poisson distributed, while the aﬀerent current to the
post-synaptic neuron is a Gaussian distributed stochastic process. Such a situation is meant to mimic what
happens during the presentation of a visual stimulus
when the neuron is embedded in a large network (see
Section 4).
The synaptic dynamics depends on the detailed time
statistics of the spike trains of the pre- and post-synaptic
neurons. During stimulation the synapses move tempo-

rarily up and down, triggered by the pre-synaptic spikes.
Following the removal of the stimulus, the synaptic
eﬃcacy may return to its initial state, or it may make a
transition to another state. Fig. 6 shows two cases at
parity of mean spike rates of pre- and post-synaptic
neurons for the synaptic dynamics that depends on the
depolarization. In one case (left) a ﬂuctuation drives the
synaptic eﬃcacy above threshold and, when the stimulus
is removed, X is attracted to the high state: LTP has
occurred. In the second case (right) when the stimulus is
removed, X is below threshold and is attracted by the
restoring current to the initial state. No transition occurred. In the two cases the statistics of the activity to be
encoded––the mean spike frequency––is the same, but
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the realization of the stochastic process that generated
the pre- and the post-synaptic activity is diﬀerent.
The synaptic dynamics is entirely deterministic and
the stochasticity is provided by the neural activity. This
mechanism should not be confused with other sources of
randomness which might aﬀect the long-term synaptic
dynamics (and are not implemented here) or with the
synaptic vesicle release of neurotransmitter which is an
inherently stochastic process but it is not related to the
dynamics of our internal variable X .
6.2.3. Dependence on spike-timing
Recent experiments [71] performed in vitro show that
a synapse can be potentiated or depressed depending on
the relative timing of the pre- and post-synaptic spikes.
In particular, in the experiment [71] it was reported that
if the pre-synaptic spike repeatedly precedes a postsynaptic action potential within a short time window
(10–20 ms), the synapse is potentiated. If the opposite
occurs (the post-synaptic action potential comes ﬁrst),
the synapse undergoes long-term depression. Such a
mechanism for synaptic modiﬁcations is now usually
termed spike timing dependent plasticity (STDP).
Many experiments have since studied STDP under
various conditions as for the neural preparation, the
protocol etc; the subject is still debated, and experimental evidence seems still not conclusive (see for
example the review in [72]). In simulations, the authors
of [73] found it useful to adopt a synaptic model that
superﬁcially resembles the above STDP, being explicitly
dependent on spike timing. The motivation is not a
claim of better biological plausibility, though we brieﬂy
speculate later about it, but computational convenience.
Fig. 8 sketches the speciﬁc synaptic dynamics we
adopt for experimenting with dynamic learning scenar-

Fig. 8. An example dynamics of one of the spike-driven synapse used in
the spiking neurons network to study the learning expression (adapted
from [73]). The internal state X ðtÞ of the synapse is plotted as a
function of time in the central plot. Above and below it are plotted the
pre- and the post-synaptic spikes respectively. The synaptic threshold
hx is represented by the dashed line. The shaded regions are the time
intervals following post-synaptic spikes during which a pre-synaptic
spike induces up-regulation of the internal synaptic variable X .

ios. In the ﬁgure we show a sample evolution of the
analog internal synaptic variable (middle) for given presynaptic (top) and post-synaptic (bottom) spike trains,
together with the associated time course of the synaptic
eﬃcacy (light gray strip: potentiated; dark gray strip:
depressed). Temporary up (down) regulation, i.e.
X ! X þ a (X ! X  b) of the internal variable occurs
if a pre-synaptic spike comes within (beyond) Dt after
the emission of a post-synaptic spike. A way to describe
the mechanism is that each post-synaptic spike leaves an
evanescent Ôtrace’ for the purpose of the synaptic
dynamics, and up-regulation occurs when the pre-synaptic spike ﬁnds the trace still there. A possible biophysical mechanism for such trace is described in [74]. 3
The synapse based on spikes timing undergoes stochastic transitions, analogously to what we have seen
above for the synapse reading the post-synaptic depolarization: for given mpre and mpost , the ﬂuctuations in the
inter-spike intervals can make a transition happen or
not.
There is accumulating evidence [75] that a more
realistic description of the protocols for inducing LTP
and LTD probably requires a combination of the
dependence on spike-timing––to take into account the
eﬀects of the back-propagating action potential––and of
the dependence on the sub-threshold depolarization. A
synaptic model which incorporates both dependences
has been preliminarily studied in [70].
6.2.4. Encoding mean rates by reading the relative spike
timing
While superﬁcially reminiscent of the synaptic
dynamics adopted in the spike-dependent synaptic
plasticity (STDP) models inspired by the results in [71]
and described above, the synapse adopted in [73] bears a
major diﬀerence, related to the variable size of the time
window for down-regulation of the synaptic variable.
To get a feeling of why this is so, let us consider the
statistics of synaptic up- and down-regulations for the
present model, and a synapse subject to the same
dynamics, but with ﬁxed (though possibly diﬀerent) time
windows. Letting the pre-synaptic neuron ﬁre at high
rate, we examine the qualitative behavior of the ﬁxedand variable-window synapses, as a function of the postsynaptic emission rate mpost .
When mpost is low, the variable-window synapse gets
almost always depressed, since almost always the Ôactive
traces’ of post-synaptic spikes have long expired; as mpost

3

Even though the synapse is introduced for purely computational
motivations, as discussed below, it might be tempting to think of the
trace as an expression of a back-propagated spike. On the other hand,
to date it is not clear to what extent experimental data based on spike
timings are able to constraint the allowed time window for LTD. The
very deﬁnition of the time window without further speciﬁcations of
the neural state seems to be a problematic concept (see [75]).
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increases, probability of LTP increases at the expense of
that for LTD, ending up with almost certain LTP for
very high mpost . For the ﬁxed-window synapse (at least
for windows shorter than the average ISI), the scenario
is totally diﬀerent: for low mpost both the probabilities of
LTP and LTD are low, and most of the times the synapse is in a Ôdo-nothing’ condition. As mpost increases,
both the probabilities for LTP and LTD increase, but
keeping ﬁxed their ratio, which only depend on the ratio
between the windows. A Hebbian dependence on mpost is
prevented in this case.
Two comments are in order. First, the above discussion applies if the trains of spikes of the pre- and postsynaptic neurons are statistically independent and the
identity of the stimulus to be learnt is entirely encoded in
the mean ﬁring rates. Second, the discussion does not
apply to other synaptic models with a suitable non-linear dependence on the rates, like the ones proposed in
[76].
Fig. 9 illustrates the above discussion, reporting the
curves of equal probability for LTP and LTD for a
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single synapse with independent pre- and post-synaptic
neurons emitting Poissonian spike trains. It is seen that
for the synaptic models B (Section 6.2.1), C and D
(Section 6.2.3) the ðmpre ; mpost Þ plane is partitioned in well
separated regions in which either LTP (high mpre and
mpost ) or LTD (high mpre and low mpost ) dominate. The case
of model A is shown to imply a superposition of LTP
and LTD transitions, incompatible with a rate-dependent plasticity. Notice that as long as the time window
available for down-regulation is variable (equal to the
ISI minus the window for up-regulation) the qualitative
behavior of such a synapse does not change much if the
dependence on the relative spike timings is reversed.
While the interpretation of the available data on
long-term synaptic modiﬁcations is still controversial,
the theoretical discussion in Section 5.3 corroborates the
long standing belief that a Hebbian-like learning term
would be required for building up associative memory in
a quite general scenario and there are reasons to keep, at
least as a useful working hypothesis, the ÔHebbian’ rate
dependence of long-term synaptic modiﬁcations.

Fig. 9. Curves of iso-probability of potentiation (gray) and depression (black) for synapses following the rule suggested by the experiment by
Markram et al. (A), the model of Fusi et al. (B), the synapse with a variable window for depression used in [73] (C) and a synapse with a variable
window for depression, but otherwise the same as A (D), driven by pre-synaptic and post-synaptic neurons emitting Poisson spike trains respectively
at frequencies mpre and mpost .

674

P. Del Giudice et al. / Journal of Physiology - Paris 97 (2003) 659–681

7. General consideration on the coupled dynamics of
neurons and synapses
We now take a step towards the study of the synaptic
dynamics as it autonomously emerges from the ongoing
neural activity in the network, facing the full complexity
of the mutual dependence between the neural and synaptic degrees of freedom.
Even at the ﬁrst, superﬁcial level of analysis, the
inclusion of synaptic dynamics has profound implications for the collective behavior of the network. First,
neural and synaptic dynamics are coupled in a very
intricate way: synaptic modiﬁcations are driven by
neural activities, which are in turn determined by the
pattern of synaptic connections at any given time; the
two sets of dynamical variables in this loop are generally
assumed to be associated with very diﬀerent characteristic time scales (fast neural variables, as opposed to the
slow synaptic ones). ÔLearning’ and Ôretrieval’ are no
longer separate categories: an incoming stimulus will act
both as a trigger for the retrieval mechanism (which will
be associated with relaxation into the attractor providing the internal representation of that stimulus), and a
boost for synaptic modiﬁcation that shapes ‘‘tuning
curves’’ and forms selective delay activity; the balance
between the two actions will depend in general on many
factors, including the familiar or not-familiar nature of
the stimulus, and the degree of overlap among the
stimuli embedded as memories in the synaptic matrix.
The very fact that the synaptic state of the network
depends on the neural activities raises new questions
about the stability of any neural state: it is easy to
imagine situations in which the synaptic matrix keeps
changing (perhaps at diﬀerent rates, depending on the
various neural regimes of spontaneous activity, stimulation or collective, selective reverberation), causing a
drift in the global state of the network, in which all
memories can be doomed to fade away, or local neural
activities can ignite explosions of activity throughout the
network, or any other kind of behavior can appear, that
makes any computationally relevant collective state
unstable.
Alternatively, short- and long-term transients on the
synaptic values may produce interesting temporal features in the neuronal dynamics.
7.1. Constraints related to Hebbian learning
The typical learning scenario has the network initially
Ôunstructured’: all neurons in the network share the same
statistical distribution of synaptic eﬃcacies on their
dendritic trees. Synaptic modiﬁcations are assumed to
take place only during stimulation. Indeed, if the synaptic structure has to embody memory, such as to code
for the familiarity of an incoming stimulus on the basis
of its past experience, it is natural to assume that

changes are only brought about by stimuli. The structured network should be able to keep its memory store
essentially unchanged for long times, in the absence of
incoming stimuli; if spontaneous activity could modify
the synapses, or the synaptic matrix were to change
during the reverberating, attractor state expressing its
recognition of a familiar stimulus, either only the
memory of the last stimulus would survive, or the
memory would be wiped out altogether. Furthermore
only those stimuli which consistently characterize the
network interaction with its environment should have a
chance to signiﬁcantly aﬀect the synaptic structure,
while those occasionally occurring should appear as
noise in the process of synaptic structuring: in most
cases, for the building up of working memory states the
learning rate has to be small and fairly constant in time,
as we discussed in Section 5.2.
From the above observations general constraints follow, to be satisﬁed by the coupled dynamics of neurons
and synapses in a dynamic learning scenario. Let mspon ,
mstim and msel denote respectively the average spike emission rate of neurons in the spontaneous state, of the
Ôvisual response’ of neurons directly aﬀected by a stimulation, and of neurons that, as a result of a process of
stimulus-related synaptic structuring, have a sustained,
stimulus-speciﬁc activity after removal of the stimulus.
In a Hebbian scenario of rate-dependent synaptic potentiation (we will discuss later LTD), for synaptic modiﬁcations to take place starting from an unstructured
network mstim , much greater than mspon , has to be high
enough to induce potentiation in the synapses connecting
stimulated neurons, but still low enough to have slow
learning. In the initial stage msel ¼ mspon . As a subset of
synapses start getting potentiated, in general mstim increases: indeed, the average aﬀerent current of the stimulated neurons will ultimately have to increase enough to
support the reverberant state. But if mstim grows too fast,
the desired feature of slow learning is lost, and the
learning rate start increasing, making recent stimuli more
and more eﬀective in leaving their trace in the synaptic
structure, at the expense of previous stimuli. Then, when
the synaptic structure becomes able to support stimulusspeciﬁc reverberant states, a further constraint appears
on msel , for if msel were greater than mstim at the beginning of
learning, this would imply an ongoing synaptic modiﬁcation during the reverberation: the selective delay
activity would tend to reinforce the memory trace of the
last stimulus far beyond the desired extent.
Thus, summarizing the above observations, Hebbian
dynamic learning has to cope with subtle problems of
stability of the network states, and stability of the
learning process.
Recently there have been ﬁrst attempts to implement
the learning dynamics in large scale simulations of
integrate-and-ﬁre neurons and plastic, spike-driven
synapses of the type described in Section 6 [69,73].
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Fig. 10. The potentiation-depression (PD) plane which represents the stable asynchronous states at diﬀerent levels of potentiation and depression of
synaptic eﬃcacies due to a learning process involving a ﬁnite set of uncorrelated stimuli (see text for details, adapted from [73]).

In the following we provide an expanded account of
the ﬁndings in Ref. [73] where the authors investigate the
formation of working memory with a network of linear
integrate-and-ﬁre neurons (i.e. with constant leakage
and a rigid lower boundary) and the dynamic spikedriven synapses introduced in Section 6.2.3.
7.2. Exploratory tools for dynamic learning
From the discussion above it follows that scenarios
for dynamic learning would better imply a sequence of
quasi-equilibrium states for the coupled system of neurons and synapses, to endow the system with appropriate
stability properties. In such a scenario, the equilibrium
mean ﬁeld theory for the neural network with ﬁxed
synapses would hopefully provide a good ﬁrst approximation in the proximity of each (stable) point along the
learning trajectory, and would therefore serve as a useful
exploratory tool to spot interesting regions in the system’s state space to look into.
For a network with N neurons the analysis of the
coupled neural and synaptic dynamics requires to solve
a system of OðN þ N 2 Þ coupled equations. Standard
approaches to the numerical integration of those equations imply a prohibitive OðN 3 Þ computational load.
The more so, if one considers that the characteristic
times of the synaptic dynamics are inherently slow, and
one is faced with the problem of accurately reproduce an
interacting system with one fast (neural) and one slow
(synaptic) sets of dynamic variable.
We therefore use the event-driven approach to simulations introduced in [77], which lowers the complexity
to OðN 2 Þ. 4

4

The method of [77] has been improved in [78].

Before embarking in large scale simulations, however,
some indications should be drawn from the theory. The
coupled neural and synaptic system has in fact very
many parameters, and a blind exploration of the system’s state space is in most cases hopeless.
Even if no real Ôdouble dynamics’ theory is available,
in the regime of slow learning of interest a Ôgood
learning trajectory’ of the network (i.e. the sequence of
synaptic conﬁgurations travelled by the network on its
way to the onset of selective reverberant activity) should
be a sequence of quasi-equilibrium states, meaning that
the rate of synaptic changes should be low enough to
make the usual mean ﬁeld predictions for ﬁxed synapses
approximately valid for the real dynamic network happening to have the same average synaptic eﬃcacies at a
given stage of its learning history.
In order to prepare for an informed exploration of the
system state space in simulation, one can then characterize the Ôquasi-static’ system by suitably parameterizing
the synaptic conﬁgurations, and for each set of parameters predicting the available stable ﬁxed points according to the ‘‘extended mean ﬁeld theory’’ approach [5].
Assuming that synapses undergoing Hebbian potentiation and those homosynaptically depressed all share
the same average eﬃcacies (Jp and Jd respectively), a
compact parameterization (extending the one adopted in
[5]) can be devised, exposing in the plane ðJp ; Jd Þ the
nature of the stable collective states predicted by MFT,
as shown in Fig. 10.
For each point in the plane, MFT predicts the allowed
states and assesses their stability, thus providing, for
example, an indication as to the region of parameters
where the onset of the simultaneously stable spontaneous
and selective states, or the one for which the spontaneous
state gets destabilized because of excessive potentiation.
In Fig. 10 JEE is the average eﬃcacy of the unaﬀected
synapses. Dotted (solid) contour lines are iso-frequency
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curves for spontaneous (selective) activity. For white
regions (marked SS ) MFT predicts only stable spontaneous states; for light gray regions (marked SSS ) there
are both spontaneous and selective stable states, while
for the dark gray region (marked US ) the spontaneous
activity is unstable.
Successful learning trajectories will bring the network
from the totally unstructured synaptic state, lower right
corner in the plane, to a state supporting a low rate,
unspeciﬁc ‘‘spontaneous’’ state coexisting with a selective,
higher rate, state to be interpreted as the neural substrate
of a working memory state (light gray region in the plane).

8. Phenomenology of dynamic learning
Fig. 11 illustrates a successful learning history. The
actual trajectory of the system as it is generated by the
simulation is superimposed on the mean ﬁeld predictions in the PD-plane. Each diamond is one of the
synaptic states during the learning history.
The stimulation protocol is as follows: non-overlapping sets of neurons are stimulated (their external
aﬀerents increase their emission rate) by ﬁve stimuli,
which are presented in sequence. At the beginning,
starting from a totally unstructured synaptic distribution, after removal of each stimulus the neural activity
relaxes back to the spontaneous state.
Gradually, LTP and LTD start driving the network
towards the desired gray region where spontaneous and
selective states coexist. The upper snapshot illustrates
the scenario in the mature network: after removal of
each stimulus a neural population largely overlapping
the one involved in the stimulation relaxes to the
reverberant selective state. Notice how in this case the
simulation matches well the predictions from mean ﬁeld
theory, all along the learning trajectory, supporting the
assumption that for slow enough learning the network
lives in quasi-equilibrium states.
In Fig. 12 is illustrated a schematic plot of how the
synaptic matrix is modiﬁed during the learning stage. The
evolution of Jp and Jd can be described by a non-stationary Markov process. From the ﬁgure is clear how the
learning process is self-regulated: After a high enough
number of stimuli presentations the LTP and LTD levels
have not further change from the asymptotic values.
8.1. LTP-LTD balance
Let us take the point of view of a neuron (one of
those involved in learning, i.e. one neuron aﬀected by
one stimulus) 5 looking at the changes in the synaptic

5
Each neuron can be stimulated by just one stimulus, because of the
simplifying choice we made to have Ôorthogonal’ stimuli.

Fig. 11. A successful learning trajectory. (A) Neural activity of the ﬁve
uncorrelated stimuli used in the learning process for a totally
unstructured synaptic distribution (starting point for the simulation):
No selective delay activity shown after visual response. (B) The PDplane for the simulated network superimposed to the learning trajectory emerging from the simulation: Each diamond indicates the system
state after a presentation of the entire set of stimuli. (C) As in (A), at
the end of the simulation the system reaches the region of the PD-plane
where spontaneous and selective states coexist: the selective delay
activity following a stimulation is clearly visible. See text for details
(this ﬁgure is adapted from [73]).

connections on its dendritic tree. At the beginning of
learning the synaptic contacts are homogeneously dis-

P. Del Giudice et al. / Journal of Physiology - Paris 97 (2003) 659–681

Fig. 12. Potentiation level Jp =JEE (solid curve) and depression level
Jd =JEE (point-dashed curve) during a learning session. Data are from
the same simulation shown in Fig. 11.

tributed. In the desired scenario, as the stimulus driving
that neuron start being presented, the dendritic tree
under consideration start partitioning into three regions:
a region of essentially unaﬀected synapses, whose presynaptic neurons belong to the Ôbackground’ population
of neurons which are never stimulated (their emission
rate is small, so they would not trigger synaptic modiﬁcations); a region of depressed synapses, whose presynaptic neurons are stimulated by other stimuli (in this
case the homosynaptic LTD mechanism is at work, since
when one of the stimuli non-aﬀecting the considered
neuron is active, its pre-synaptic stimulated neurons ﬁnd
the neuron essentially inactive, and the corresponding
synapse gets depressed); a region of potentiated synapses, whose pre-synaptic neurons are stimulated by the
same stimulus as the neuron under consideration.
It is relevant to look at the average changes in the
aﬀerent current to the neuron under consideration in the
above conditions. Clearly, the Ôunaﬀected’ dendritic
tract does not bear changes, while the other two regions
bring about conﬂicting eﬀects (the depressed one lowering the average aﬀerent current, the potentiated one
increasing it). It is precisely the balance of those conﬂicting pushes which is necessary in order to allow for
simultaneously stable spontaneous and stimulus selective states. For example, if the increase in the aﬀerent
current due to the potentiated dendritic tract is not
compensated by enough LTD in the depressed tract, the
network runs the risk of destabilizing the spontaneous
state; in the opposite case, the selective reverberant state
might not be produced because the insuﬃcient increase
in the potentiated dendritic tract prevents supporting it.
Hence the parameters of the synaptic model must be
tuned to guarantee a balance between LTD and LTP at
each learning stage (see e.g. Fig. 12). The introduction of
a suitable regulatory mechanism would probably relax
this strict requirement (see Section 8.3).
The balance between LTP and LTD guarantees also
that more complex, overlapping random patterns, are
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learnt and forgotten in an optimal way. The patterns can
be learnt at the maximum speed compatible with a
memory span which comprises all the patterns that
should be stored. Indeed, the memory span becomes
optimal when the palimpsest term (see Eq. (6)) tends to
1, i.e. when for instance the LTP transition probability
multiplied by the probability of having a pair of simultaneously active neurons (the condition for inducing
LTP) is as small as the LTD probability multiplied by
probability that the pre-synaptic neuron is active and
post-synaptic neuron is inactive. In the case of random
patterns with a small fraction f of active neurons the
LTD probability should be f times smaller than the LTP
probability to ensure the balance [56].
8.2. Finite-size eﬀects
In a network with N neurons, if N ! 1 all neurons
in a given population (i.e. those sharing the same
statistical properties of the aﬀerent current, for example neurons aﬀected by the same stimulus) ﬁre at the
same rate, with small ﬂuctuation from neuron to neuron.
For ﬁnite N ﬁnite-size eﬀects are important, and bring
about deviations from the predictions of the mean ﬁeld
theory. In particular, for ﬁnite N each population have a
distribution of emission rates. Let us consider the synapses connecting populations of neurons stimulated by
the same stimulus, and therefore supposed to get
potentiated: the high- and low-rate tails of the actual
frequency distribution corrupt the homogeneity of the
pattern of synaptic transition probabilities, such that in
the same synaptic group some synapses will have too
high LTP probability, while others will be unexpectedly
unchanged. Similarly, ﬁnite-size eﬀects can provoke
unwanted synaptic transitions where they are not expected and harmful (such as a potentiation of synapses
involving post-synaptic background neurons, which can
become the seed of instability for the spontaneous state).
One ingredient which makes ﬁnite-size eﬀects more or
less harmful is the character of the Ôsynaptic transfer
function’, meaning the function giving the LTP/LTD
transition probabilities as functions of the pre- and postsynaptic emission rates. The sensitivity of this function
in the critical region where the rate distributions involved overlap is an important factor in determining
how serious ﬁnite-size eﬀects are going to be.
Fig. 13 provides an illustration. The plots report the
fraction of potentiated synapses on the dendritic tract of
a stimulated neuron the synapses of which are supposed
to potentiate. The left panel, top to bottom, shows a
Ôbad’ situation, in which ﬁnite-size eﬀects split the synaptic distribution and end up with a bi-modal distribution, implying a signiﬁcant deviation from mean ﬁeld
predictions, and possibly hindering the formation of the
reverberant state. The right panel shows how a change

678

P. Del Giudice et al. / Journal of Physiology - Paris 97 (2003) 659–681

Fig. 13. Histograms of the fraction Rp of potentiated synapses a neuron receives from homogeneous cells in a stimulated sub-population at diﬀerent
successive learning stages. A learning stage consists of a sequence of ﬁve diﬀerent stimuli, each presented for 250 ms every second. Each histogram is
sampled at the times reported on the left of the histograms. (A) Case in which the dendritic tree develops a Ôbad’ structure (some neurons express
LTD rather than LTP); (B) A well separated case.

in the synaptic parameters (for the same network) allows
the desired synaptic structuring.
It is because of its lesser sensitivity to ﬁnite-size eﬀects
that we adopted in most simulation, the synaptic model
described in Section 6.2.3; it should be kept in mind,
however, that synapse and the one based on the postsynaptic depolarization produce the same learning scenario, being both meant to implement the same dependence of LTP and LTD on the pre- and post-synaptic
rates [69].
8.3. Regulatory mechanisms
Regulatory mechanisms that prevent the excitatory
activity from growing boundedlessly turned out to be
essential to guarantee the stability of the network
dynamics throughout the learning process. One inherent
limiting factor for the growth of the mean spike frequencies is synaptic saturation: the internal synaptic
state and, hence, the synaptic eﬃcacies are limited from
below and from above. When all synapses saturate, e.g.
in the potentiated state, the synaptic structure cannot
change any longer in the case of non-overlapping patterns. This mechanism prevents the frequencies of the
stimulated neurons from growing any further and the
learning process actually stops. However, even in this
case an extra regulatory mechanism is required to
guarantee that there exists a trajectory of stable points
that connects the initial state to the ﬁnal, saturated one.
Among all the other important considerations that have
been discussed, one seems to be essential in both studies
[69,73]: the mean frequency under stimulation should be
kept almost constant throughout the learning process.
This requires a regulatory mechanism that keeps under
control the increase of the mean spike frequencies due to
the growth of the synaptic feedback. In [69] the authors

tune manually the external aﬀerent frequencies in order
to keep the response under stimulation almost constant.
In this context, homeostatic mechanisms like those reviewed in [79] might play a role. They essentially decrease the external input every few stimuli presentations
in order to compensate for the increased synaptic
recurrent feedback. In [73] the authors implement an
automatic mechanism based on short-term depression
(STD) [80,81] for decreasing the eﬀect of recurrent
synapses connecting stimulated neurons (Jp ) when the
spike frequency under stimulation tends to grow too
quickly. Each synaptic eﬃcacy decreases temporarily
upon the arrival of a pre-synaptic spike. It then recovers
with some typical time constant of the order of tens or
hundreds of milliseconds. If other spikes arrive from the
pre-synaptic side during the recovery phase, the synaptic
eﬃcacy is depressed even more and eventually might
become totally ineﬀective. This mechanism is meant to
mimic the average eﬀect of the temporary changes of the
synaptic neurotransmitter release probability. In Fig. 14
we compare the frequency of the stimulated population
in the presence and in the absence of STD. If the increase of Jp is not adequately balanced by increased
depression, the spontaneous activity is easily destabilized, and the equilibrium can be very critical.
Possible alternative mechanisms might involve neural
adaptation or modiﬁcations of the synaptic dynamics.
In the ﬁrst case a negative feedback limits the output
frequency of the pre-synaptic neurons and the regulatory mechanism is probably equivalent to the short
depression described above. In the second case one
should introduce a new element in the synaptic
dynamics that blocks learning when the frequency of the
post-synaptic neuron becomes too high. Such a mechanism is currently investigated and some preliminary
analysis shows that it would also have the additional
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Fig. 14. An example of visual response during a learning history with
(dashed line) and without (solid line) synaptic STD.

advantage of permitting the storage of more complex,
correlated patterns of activity [70]. In the end the regulatory system in the brain is probably a mixture of all
these mechanisms.
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stimuli studied in [69,73] and reviewed here the stochastic selection mechanism is already implemented:
each stimulus induces long-term modiﬁcations (the
internal synaptic variable crosses the threshold) in a
randomly selected subset of synapses. The development
of the distribution of the synapses can be approximately
described as the Markov process described in Section
5.3. The analysis of the network dynamics for overlapping random stimuli is much more complicated and
probably will require extra regulatory mechanisms to
guarantee the stability also in the presence of the interference between diﬀerent stimuli. However all the basic
elements for storing an extensive number of random
patterns are already contained in the analysis summarized here.
Relaxing the constraint of equal coding level for all
patterns might bring about a complex learning history,
in which the speed of learning (and forgetting) is very
diﬀerent for diﬀerent patterns. Also, allowing for arbitrarily complex temporal sequences of stimuli makes the
learning process more complex, but would allow interesting comparisons with experimentally tested protocols.

9. Discussion

9.2. Lifetime of attractors (multi-stability)

9.1. Statistics of the stimuli

Since the number N of neurons in the network is ﬁnite, the attractor states are meta-stable: they can persist
for long time, but the ﬁnite-size ﬂuctuations, even in the
absence of external perturbations, will ultimately drive
the network outside the basin of attraction. In other
words, the barriers which separate the attractor ﬁxed
points are ﬁnite for ﬁnite N , and whatever consequent
ﬁnite amount of noise will make the system cross them
sooner or later. But knowing if it is typically sooner or
later in situations of interest is important. First of all, in
Ôrealistic’ conditions the network lives in a noisy environment, e.g. we should envisage the possibility that
while the attractor reverberation is active distractor
stimuli intervene, possibly unfamiliar or weak but
potentially able to make the attractor state decay (see
[41] for an example). Besides, when the attractor decays
because of intervening stimuli, it is relevant to know
how quickly this happens (see next item). Another
example is the observed spontaneous alternation of
attention in psychophysics experiments, with random
distribution of the times of shift: the so-called multistable perception.

In a more realistic case, less constrained statistics of
stimuli (overlapping random stimuli, stimuli spanning
diﬀerent coding levels, correlated stimuli, complex protocols of presentation) should be considered. The Ôfeasibility proofs’ described in [69,73], though instructive,
refer to very unrealistic scenarios as for the spatial and
temporal statistics of the incoming stimuli: two diﬀerent
stimuli elicit responses in disjoint sets of neurons––no
overlap between stimuli; all the stimuli share the same
coding level (the fraction of neurons excited by the
stimulus); stimuli are presented in very tame temporal
sequences: identical repetitions of the same sequence of
stimuli. A non-zero overlap between stimuli makes the
learning process very diﬀerent: the generic synapse feels,
during learning, conﬂicting pushes towards potentiation
or depression, depending on the current stimulus and
the learning process can be described as a random walk
between the two stable states when the stimuli are random (see Section 5.3). The synaptic conﬁguration never
comes to rest and, even in case of successful learning,
keep on ﬂuctuating around a non-saturated conﬁguration with potentiated and depressed synapses coexisting
in the same synaptic set. In case of random patterns with
the same average coding level, the stochastic selection
described in Section 5.2 allows the network to perform
well as an associative memory and the storage capacity
can be optimal provided that learning is slow enough.
Even if not needed, in the case of non-overlapping

9.3. Miyashita correlations: strong prediction of the
model, hard to implement in realistic modelling
Experiments show [11,27] that in a DMS task, with
visual stimuli learnt in a ﬁxed order, the neural representations (selective sustained delay activity states) of
stimuli which are neighbors in the training sequence are
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correlated. In other words a conversion from temporal
to spatial correlation occurs [82,83]. In the attractor
picture, one interpretation is that for two successive
stimuli, upon presenting the second the reverberation
induced by the ﬁrst is still active, and synaptic potentiation can take place, for synapses connecting neurons
participating in the dying reverberation, to neurons
starting to visually respond to the second stimulus. In
this scenario the characteristic times of the decay of the
old attractor, and those of the onset of the new visual
response, are crucial ingredients for modelling the phenomenon.
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